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Abstract 

We overview the entire renormahzation theory, both perturbative and 
non-perturbative, by the method of the exact renormalization group (ERG) 
We emphasize particularly on the perturbative application of the ERG to 
the (j)^ theory and QED in the 4 dimensional euclidean space. 
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1 Introduction 



The subject of the fohowing series of lectures is the exact renormalization group 
(ERG), also known as the Wilsonian renormalization group. Ken Wilson in- 
vented it in the early 70 's to understand the physics behind renormalization 
of quantum field theory. Quantum field theory had seen phenomenal success 
in its applications to QED via renormalization. But many, if not most, people 
felt uneasy about renormalization. It was quite common to regard renormaliza- 
tion as a clever mathematical trick to hide what is not understood under the 
rug. Not many had even imagined there was physics behind the procedure of 
renormalization. 

To understand the physics of renormalization, Wilson introduced RG flows in 
the space of theories. Using such important notions as criticality, fixed points, 
and relevant and marginal parameters, the continuum limit is defined as the 
RG trajectories flowing out of a UV fixed point. The continuum limit can be 
constructed by using an almost critical theory by using the scale dimensions of 
relevant parameters. All this has been explained in the classic review article of 
Wilson and Kogut [T], especially in sect. 12. 

In the following lectures, our emphasis is on the perturbative applications of 
ERG. Only in the last part, we discuss the non-perturbative aspects of ERG. 
Even there the emphasis is on the relation of Wilson's original ERG differential 
equation to Polchinski's which can be applied much more easily to perturbation 
theory. 

The lectures are organized into four parts. In the first part we review the 
application of ERG to the most relevant aspects of perturbative renormalization 
theory using the 0^ theory for concreteness: We derive Polchinski's version of 
the ERG differential equation that describes the cutoff dependence of the Wilson 
action. We then show how to incorporate perturbative renormalizability as 
asymptotic behaviors of the action as the cutoff is raised toward infinity. We 
show how to determine the cutoff action by solving the ERG differential equation 
under the asymptotic conditions. Using composite operators as an essential tool, 
we use ERG to derive the RG equations of the parameters of the theory, and to 
show universality. 

In the second and third parts, we show how a momentum cutoff can be 
consistent with gauge symmetry. In the second part we take a bottom-to-up 
approach to construct a cutoff action of QED: we first construct an action that 
reproduces the Ward identities of the correlation functions, and then introduce 
Faddeev-Popov ghosts to introduce a BRST invariant action. We finally in- 
troduce sources that generate BRST transformations to build a fully BRST 
invariant formalism with nilpotent BRST transformations. The discussions of 
YM theories in the third part are relatively brief. We outline a construction 
of a fully BRST invariant cutoff action with sources. The sources are neces- 
sary to show the possibility of satisfying BRST invariance. Once the possibility 
is known, practical calculations can be done without the sources. Part of the 
new results contained in the second and third parts of the lectures have been 
obtained in collaboration with Y. Igarashi and K. Itoh. 
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Finally, in the last part we discuss the non-perturbative aspects of ERG. In 
the first subsection we give a non-perturbative derivation of a general class of 
ERG differential equations. We then relate Wilson's original ERG differential 
equation to Polchinski's explicitly via an integral formula. The two sets of ERG 
differential equations are completely equivalent. We then show how to modify 
Polchinski's ERG differential equation to accommodate anomalous dimensions. 
We end the last part by going back to perturbation theory, computing the 
critical exponents of the Wilson-Fisher fixed point using ERG. 

Best efforts have been made to make the lectures as self-contained as possible. 
The reader is warned, though, that my style may be somewhat idiosyncratic; 
the ERG is a rich field, and it can accommodate widely varying viewpoints. The 
aim of the following lectures is to give a coherent overview of the applications 
of ERG to renormalization theory, but not to give a balanced review of the field 
of ERG. For the latter and also for further references, consultation with the 
existing reviews [3l|4l[5l[6l[7l[8l[9l[l0l[ni[l2] is strongly recommended. The 
other references I cite are kept minimal except for the inclusion of refs. |171 [TS] 
which happen to be relevant to my current research interest. 

2 The Exact Renormalization Group (ERG) 
2.1 Notation 

We consider a real scalar theory in I?-dimensional euclidean space. The scalar 
field is given by 



Jp 



where 



D 



Given an action S'[0], we define the correlation functions by 

■ ■ XPn))5 ■ (27r) (5^ \pi + ---+Pn)^ j^^^j ^s[ct,] 

Note that the weight of the functional integral is e"^, not e""^. For the higher- 
point functions n > 2, we usually consider only the connected part: 

{(j){pi) ■ ■ ■ (t>{Pn)) ^ {4>{Pl) ■ ■ ■ 

We consider a real scalar theory whose propagator is given by 

K{p/K) 
p2 + 



4 



where K{p) is a positive decreasing function of with the property that 





1 p 1 p- 

Figure 1: The cutoff function K and its derivative A 



The propagation of the momentum modes with > is suppressed suf- 
ficiently strongly so that the loop integrals for each Feynman diagram (to be 
introduced shortly) become well defined, i.e., free of UV divergences. For 
later conveniences, we also define the logarithmic derivative 



A(p) = -2p 



2 dKip^) 
dp^ 



which vanishes for p^ <1, and is positive for p^ > 1 with a peak near = 1. 
For example, we can take 



K{p)^ 



1 ^ (p2<l) 



so that 



A(p) 



< 1) 



Here, n is a big enough integer. For D = A, the worst divergence is quadratic, 
so n = 2 suffices. 

Let us suppose that the action is given by 



where the free action 



S[(j)] = Siree[(l>] + Smt[(t>] 



defines the propagator given above, and the interaction part is given by 

°° 1 /■ 

S,^,[4>\=Y^-— / <^(pi)---0(p2„)V2„(pi,---,P2„)-(27r)^(5(^HPl + ---+P2n) 

„=1 K'^'^)- Jpi,--,P2n 
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We have assumed the Z2 invariance for simphcityQ We assume that the vertex 
V2n is local: For our purposes we only need to assume that V2n can be expanded 
in powers of small momenta. We denote the 27T.-point vertex graphically by a 
blob: The perturbative expansion of a correlation function is given by the sum 




Figure 2: A blob represents a 2n-point vertex V2n- 

over Feynman diagrams with propagators and vertices. 

For example, the diagrams in Fig. 3 contribute to the two-point function: 
and those in Fig. 4 contribute to the four-point function. 




Figure 3: These contribute to the two-point function. 



Figure 4: These contribute to the four-point function. 




2.2 Derivation of the Polchinski ERG differential equation 

We solve the following problem: we decrease the momentum cutoff A infinitesi- 
mally to Ae~^*. 



A 



Ae^ 



-At 



We wish to compensate the change by appropriate changes in the vertices so 
that the new propagator and vertices give the same correlation functions. 



A 

V2„ 



cquWalcnt 



Ae" 



-At 



V' 



^We also assume that the symmetry is not broken spontaneously. Hence, we will only 
consider even-point correlation functions. 
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To solve this problem, we consider an arbitrary Feynman diagram, and clas- 
sify the propagators into the three types H 

1. those connecting two different vertices (type A) 

2. those connecting a single vertex (type B) 

3. those attaching an external line to a vertex (type C) 

(X) 8 

type A type B type C 

Figure 5: The three types of propagators 



The original propagator is related to the new propagator as follows: 

K{p/K) K{p/{Ae-^^)) ^ A{p/A) 
+ m? p^ + -m? p^ + m? 

We consider a Feynman graph with the original propagators and vertices. Then, 
we replace each propagator by the sum on the right-hand side. At first order in 
At, we get a collection of Feynman diagrams in which one of the propagators is 
replaced by 

A(p/A) 



p2 



If the propagator is either type A or B, we can interpret it as a correction to 
the relevant vertex. (Fig. 6) Hence, the type A and B propagators modify the 
2n-point vertex to 

V2n(pi, • ■ • ,P2n) =^ V2„(pi, • ' ' ,P2n) = V2„(pi, • ' ' ,P2n) 

V V2fe(Ki,---,p»2,_i,g)4T^"'^2(n+i-fe)(-g,P»2fcr--,P*2„) 

partitions v ^ y 

typo A 



, 1 f A(q/A) 



type B 

where the momentum q of the type A propagator is fixed as 

9 = - (Pn + ^Pi2fc-i) =Pi2k H ^Pi2„ 

but the momentum q of the type B propagator must be integrated over. Since 



■^There is actually one exception to this classification: the free propagator contributing to 
the two-point function. We will take care of this later. 
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^ — ^ 

2k 2n-2k 2n 

Figure 6: Type A and B propagators modify the vertex V2n 



A{q/A) is non- vanishing only for > A^, we can consider the change of the 
vertices as local, i.e., in coordinate space the change takes place over a distance 
of order 1/A. 

The change in the type C propagators can be corrected simply by the mul- 
tiplicative factor 



for each external line. 

Using the modified vertices, we define a new action by 

— f J./ \ ±/ p"^ +m'^ 



2j/(P)^(-PyKip/iAe--^)) 



The diagrammatic analysis above implies 



2n 



Hence, 

{4>{Pl) ■ ■ ■ <P{P2n))s~{'f>{Pl) ■ ■ ■ '/>(P2n))s+5S = ^^Yl R {p- / A) ' ^^^^^^^ ' ' ' '^'^^2«))s 

In fact the above relation is valid only for 2n > 4. For the two-point function, 
the first term in its perturbative expansion is the free propagator. It cannot be 
classified into any of the three types. 

{(I){p)(f>{~p)) g — + diagrams with at least one vertex 

Hence, it is the difference 

mpm-p))s - — 2 

p^ -\- m 
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which contains only the propagators of the three types. Therefore, we obtain 



We can rewrite this as 
= At 



X(p/(Ae-^0) 



A(p/A) A(p/A) i^(|,/A) 

2 • (0(P)0(-P))s 



i4:(p/A) ^^^^'^^ ^^'^ K{p/A) + _ 

The expression of the new action S" = 5 + SS, which is equivalent to the 
original action S, is easy to understand graphically, but quite complicated to 
write down as a formula. By using a functional notation, SSint (the interaction 
part of dS) can be expressed quite simply: 



A(g/A) 1 f ^^int <^^int 



,^q^ + m^2\ 54>{q) Scf>{~q) Sct>{q)Sc^{-q) 

HW#1: Convince yourself this is the same as the equation we have obtained 
using Feynman graphs. 

Writing the original S as S{A) and S' as 5(Ae~'^*), we obtain 

SSint = At ■ 'S'int 

Hence, 5*1111 (A) satisfies the following differential equation: 



-A 



9^int(A) 



A(q/A) 1 f ^^int SSj^t 

2\S^{q)6^{-q) 6^{q)6cj){~q) 



q^ + m? 



This was first derived by Polchinksi. 2 The transformation from 5(A) to 5(Ae~*), 
where t > 0, is called an exact renormalization group (ERG) transforma- 
tion: it is exact since we have not introduced any approximation. 
Using 



5S, 



free 



1 



1 



- 5ft.ee (Ae-'^*) - ^frcc(A) 

- -\l HpM-p) ip' + (^(,/(Ae--)) - ]^ 
-Atl f <l>{p)cb{^p){p' + m^^ ^^^'^^ 



K{p/Ky 

further, we can rewrite the Polchinski differential equation for the entire action 
as follows: 



, (5S(A) 



1 r SSjA) SSjA) a"S(A) 1 
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HW#2: Derive this from Polchinski's. Alternatively, derive Polchinski's from 
this. (You need to ignore an infinite constant independent of </>. An additive 
constant to 5 does not affect physics.) 

To summarize, the correlation functions satisfy the following ERG differen- 
tial equations: 

Q I f dS^ ^ connected 



connected 

g^xrv^.. -ry^.nji - yy^.; rv^zn, ^ ^^^^ 

2.3 Physical understanding of ERG 

To gain physical (or intuitive) understanding of ERG, let us forget about UV 
divergences or any other difficulties our theory might face with, for the time 
being. 

The standard propagator can be expressed as the sum: 

1 _ K{p/k) ^ 1 - K{p/K) 



d I f dS 

-A^ (0(pi) • • • 0(P2„)) = ( <k{Pl) ■ ■ ■ HP2n) -A — 



p-' + m'^ p + p-' + 

The first term on the right is the cutoff propagator for the low momentum 

modes. The second term is the propagator for the high momentum modes. 

Given a Feynman diagram with the standard propagators and elementary 
vertices, we substitute the above sum into each propagator. The substitution 
generates multiple diagrams in which some propagators arc the low-momentum 
propagators, and the rest are high-momentum propagators. Then, we pay atten- 
tion to those parts of the Feynman diagram connected only by high-momentum 
propagators. The entire diagram has these connected parts connected further 
by low-momentum propagators. (Fig. 7) Suppose a connected part has 2n ex- 




Figure 7: Each blob contains only high-momentum propagators inside. 
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V 




elementary 
vertex 

high momentum 
propagator 



Figure 8: V2n(A) consists of graphs whose internal hnes carry only high momenta 
above A. 



ternal lines. Then, the connected part can be interpreted as a contribution to 
the vertices V2n(A) of the cutoff theory S(A). (Fig. 8) Thus, we put all the 
short-distance physics (shorter than the length ■^) into the vertices. 

Now, the problem is the potential UV divergence of the diagrams with the 
high-momentum propagators. For example, the 1st order contribution to V2 is 
given by 

AM- K{q/A) 

which is quadratically divergent since K(q/A) — > as ^ 00. We will define 
the diagram, not by the naive loop integral, but as a finite solution to the ERG 
differential equation. It is the role of ERG to make sense out of the naively UV 
divergent Feynman diagrams. 




2.4 Perturbative renormalizability 

Polchinski introduced his differential equation in order to simplify the proof of 
perturbative renormalizability of the 0* theory in D = 4. We will not follow his 
proof, but merely sketch his ideas here. We start from a bare action defined at 
a large momentum scale A: 

SA(A)=-i/«P)«-P)^ 

Jp J Pl+P2+P3+P4,=0 

We then reduce the cutoff A to an arbitrary but fixed finite momentum scale /z 

to obtain an equivalent action S\ (p) . Here we have added a suffix A to remind 
ourselves that we started from the scale A. We wish to introduce appropriate 
A dependence to the bare parameters 

A^o(A), Am2(A), Ao(A) 
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Figure 9: Rcnormalizability amounts to the existence of liniA^oo S^ifJ-)- 



such that the continuum Hmit 

S{n) = lim Sa{p) 

A^oo 

exists. (Fig. 9) This is perturbative renormahzabihty since we prove this, 
order by order in a couphng constant A. Polchinski has proven this using his 
differential equation. 

Why is this renormahzabihty? ERG guarantees that the correlation func- 
tions we compute with S{fi) is the same as those with the bare action S'a(A). In 
the limit A — ^ oo, the theory is defined all the way up to the zero distance scale, 
and the correlation functions are independent of A. This is what we usually call 
renormahzabihty. 

Typically, the bare parameters have the following A dependence: 

f Am§(A) = A2.g(^,lnA a) +m2.z„(^,lnA a) 

Azo(A) = z(^,lnA a) 
[ Ao(A) = z,(^,lnA a) 

At each order of A, the coefficient functions are finite degree polynomials of In A. 
The so-called mass independent scheme is distinguished by the absence of tHe 

2 

dependence on ^ in the coefficient functions. Hence, in a mass independent 
scheme, we find 

f Am2(A) = A2.g(lnA a) +m2.z„(lnA a) 
J Azo(A) = z(lnA a) 
[ Ao(A) = ZA(fiiA a) 
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2.5 Direct determination of the renormalized theory 



Wc now make a crucial observation. The action which defines the renor- 

mahzed theory or the continuum Umit, satisfies the ERG differential equation 
of Polchinski with respect to fi: 



+ 



1 f ss 



ss 



2 \ 54>{q) 54>(-q) + 5ct>(q)Sct>(-q) 



Hence, we should be able to determine S{fi) directly without starting from S'a(A) 
by solving the differential equation. But as is the case with any differential 
equation, we need what amounts to an initial condition. We cannot use ^(A) = 
S'a(A), because S'a(A) will not lie on the ERG trajectory of S{A). Instead we 
adopt the following: 

1. V2ri(A;pi, ■ • • ,P2n) vanishcs as A oo for 2n > 6 

2. V2 satisfies the asymptotic condition 



V2(A;p, -p) 



A^a2(m^//x^,lnA//i; A) 
+m^62(m^/M^, In A//i; A) + p^C2(to^/m^, In A//i; A) 



and the conditions at A = /x, where fi is fixed but arbitrary: 

J V2(m;0,0) = 

I gf.V2(M,P,-p)|^,^^ = 



3. V4 satisfies the asymptotic condition 

ViiA-pi, - ■ ■ ,p4) a4(m^//U^,lnA//x; A) 
and the condition at A = /z: 

V4(/x;0,---,0) = -A 



The asymptotic conditions arc crucial for renormalizability. The two conditions 
on V2 have to do with mass and wave function renormalization, and the condition 
on V4 normalizes the coupling A. 

The above scheme is not mass independent. For mass independence, we can 
alternatively adopt the following conditions: 

1. V2n(A;pi, • • • ,p2n) vanishes as A ^ 00 for 2n > 6 
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2. V2 satisfies the asymptotic condition 

V2(A;p, -p) ^-=5° A^aaQn A//i; A) + m^ftaQn A/m; A) +p2c2(ln A//i; A) 



and the conditions at A = /i: 

g|,V2(/.;0,0) = 

m-^— 

^V2{^i■,p, -p) 

which imphes 



= 

j^2— p2— Q 



62(0;A) = C2(0;A) = 
3. V4 satisfies the asymptotic condition 

Vi{K;pi,- ■ ■ ,pi)^^^ a4(lnA//i; A) 
and the condition at A = /x: 

V4(m;0,---,0) 

which imphes 



m^— 



04(0; A) = 

Note the absence of dependence in the coefficient functions 02,62,02, and 
04. 

Hence, to show renormalizability of 0* theory in D = 4, we must show that 
given rn? , A, and an arbitrary scale ^, the solution 5(A) of the Polchinski differ- 
ential equation is determined uniquely. This was done for the mass independent 
scheme in 1141 rl 



2.6 Simple examples 

Let us compute the vertices for D — A io see how the conditions introduced 
above determine the vertices uniquely. 

First order in A 

The four-point vertex is given by 

Vf (Pi,---,P4) = -A 

This is the starting point of perturbative calculations. 

The two-point vertex V2^''(A) satisfies the differential equation 

oK 2 + m'^ 2 q-^ + 

This can be expressed diagrammatically as 



'From now on, we only consider S, and omit the bar. 
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Q 



where we use the notation 

A{q/A) 



q2 _|_ 



We can compute the right-hand side further as 
= -A- / A(g/A) K - -r 



Integrating this over A, we obtain 



Q 



which satisfies the condition 



Ahernatively, in the mass independent scheme, we obtain 

^ \ 2 Jq T y-Jq Jqq^(.q^ + 'm^) J 

which has the simple asymptotic behavior 



Second order in A 



2 V 2 y„ g2 q* J 



The ERG differential equation for the six-point vertex is given diagrammatically 
as 



1 



4 



'A— V^°)(A;pi,---,p6) = 2 ^ ^ 5 + 2 permutations 

3 6 
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Solving this, we obtain 

1 4 

vi°\A;pi, • • ■ ,P6) = 2 y ^ 5 + 2 permutations 



3 6 



2 /l^i£((p^+P2+P3)/A) \ 

= A — — h 2 permutations 

V (P1+P2+P3) J 

This vanishes as A — > c«. 

At one-loop the four-point vertex satisfies the ERG differential equation: 

3 



-)-2 permutations 

2' '4 

The first part on the right-hand side can be integrated to 

4 



1=1 

The first graph on the second part gives 



^2 , l-Kiiq + p,+p,)/A) A(<z/A) _ ^2 



Iq {q + Pi + P2)^ + m'^ q^+m? 



(l-if(g/A))A(q/A) 



^ l-K{{q + pi+ p2)/A) A(g/A) (1 -~ K{q/A)) A(g/A) 
(9 + Pi + P2)^ + g^ -f g^ 

The first integral on the right gives a constant 

A(g)(l-K(g)) 

The remaining integral can be integrated over A to give a finite result: 



1 - K{{q + P1+ p2)/A) 1 - K{q/A) (1 - K{q/A)f 



{q + pi + P2)'^ + m? q^ + m? q^ 
Hence, we obtain 



:o; 



^2j^A f A{q){l~Kiq)) 



\2 



\' f l-Kiiq+p,+p,)/A)l-Kiq/A) {1-K{q/A)Y 



Jq\ {q + Pi + P2Y + q^ + 'm? q 



A 
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where we have adopted the mass independence. This has the asymptotic prop- 
erty 



^ A^-A^ln^ /• A(<z) (1 - 



HW#3: Evaluate the one-loop four-point vertex using the condition 

V4(/x;0,---,0) = -A 

instead of the mass independence. You will see that the asymptotic behavior 
acquires m? dependence. 



Integrals 

In general the integrals involving the cutoff function K depend on the choice of 
K. Certain integrals are universal, however. Let us first consider 



m. D = A. This is integrable, since the integrand vanishes exponentially as 
— > 00, and also vanishes for < < 1. Since 



we obtain 



Hence, 



In 



(2 



^ ^_ r lV -2g^ dKiqr+^ _ 1 2_ oo 

w)^ n+1 Jo 2 g4 (47r)2 n + 1 



1 



(47r)- ;) + 1 



Next we consider 



J(n) 



Aiq){l-K{q)r 



in D = 4, where n is a no n- negative integer. Using the binomial expansion, we 
obtain 
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(47r)2 n + 1 



Using this result, we can write down the one- loop vertices in the mass inde- 
pendent scheme as follows: 



A / A2 fA{q) 2, A 2 
2\ 2 Jg IJ. (47r)2 

A2 , A 
In — 



2,^.. . _4 / l-i^(g/A) \ 



4 (47r)2 M 



' 2 



1 - K{{q + pi + p2)/A) 1 - K{q/K) (1 - i^(g/A))^ 
(? +Pi +P2)2 + TO^ q^+m? q^ 



This implies 



-7A2 In - + 



C2(lnA//i,A) = 0(A2) 
a4(lnA/M,A) = ^lnA + ... 



2.7 The continuum limit in terms of a cutoff theory 

Before diving into more detailed analysis of ERG, let us take a moment to reflect 
on what ERG gives us. In deriving ERG, we have made sure that the entire 
physics is kept untouched when wc lower the cutoff A. No matter what A we 
use, we can always compute the same correlation functions. Let us give this 
statement a more concrete expression. 

Wc recall that the two actions S{A) and S{A') on the same ERG trajectory 
arc related as follows: 



Kjp/A) 

■■'j-rr,'-' 



I {Hp)(f'i-P)) S(A) p-+m- 
\ {(t>{Pl) ■ ■ ■ <t>{P2n)) S(K) 

This can be rewritten as 

((/.(p)0(-p))s(A) + 



_ K(p/A) 
- K(p/A'] 
_ ■Q2n K{pi/A) 



Kip/A) 

n^" i 

K{p,/A) 



l^l/K(p/A) 
{(p{pi) ■ ■ ■ (t>{p2n)) S(A) 



1 K{ll/A') ■ ('/'(Pl) • • • 4>ip2n)) S(A') 

S(A') ^ 



l-l/g(p/A') 

K{^/A')'i \H'\P)V\-P)IS{A') T ^P^T^ 

n^"l K{p]/A') • • • • 4>{P2n)) S{A') 

00. Hence, the 



If the action corresponds to a continuum limit, we can take A 
correlation functions in the continuum limit can be obtained from the action 
5(A) with a finite cutoff: 



((/.(p)^(-p))^ 

(0(pi)---^(p2n))c 



= Kj^{m<t>{-p))s,A, + '-^M^ 

= UiZl Kill A) ■ ('^(Pl) • • • '^(P2n))g(A) 
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Here the left-hand sides are the correlation functions calculated with S{A oo). 
The right-hand sides are independent of A. It is surprising that the continuum 
physics can be obtained from an action with a finite cutoff, but we must accept 
it. There is a trade off, though. Our action S{A) has an infinite number of 
interaction terms, and is highly complicated. 

The above observation has a surprising consequence. If we expect the pres- 
ence of a symmetry in the continuum limit, whether it is global or local, it 
should be present in the cutoff theory, too. Hence, for example, we expect to 
be able to construct gauge theories using a finite cutoff. We will discuss QED 
in some details, and sketch the construction of YM theories, both using a finite 
cutoff. 



This subsection is a digression from the main flow of the lectures. You can skip 
this part if you like. In the literatureQ the ERG differential equation for S'int 
is sometimes written for its IPI part Tint- Roughly speaking, S'int consists of 
Feynman diagrams with elementary vertices and high-momentum propagators. 
These Feynman graphs are not necessarily IPI, as we have seen in the case 
of Vi^^ in the previous subsection. We wish to introduce IPI vertices Fjnt so 
that S'int is obtained as the tree diagrams with high-momentum propagators 
and vertices Pint . The purpose of this subsection is to introduce Pint and ERG 
differential equation it satisfies. We will be sketchy since we will not discuss 
Pint in the remainder of the lectures. 
Let us consider 



2.8 ERG for the IPI r[$] 




+ Pi„tM 



We define its Legendre transform by 




p 



where </> is determined in terms of J as 



+ 



J[p) - 



This can be rewritten as 




In order for Fjnt to give the IPI part of Sjnt, we must demand that 



W[J] = \ I J{p)J{-p) 



Jp 




1 - K{p/A) 



J{P) 
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Figure 10: Tint is the IPI part of S'int- 



(Fig. 10) By substituting 



J{P) 



1 - K{p/K) 



Hp) 



we obtain 
W 



1 - K{pIK) 



Hp) 



On the other hand, from the definition of the Legendre transform, we obtain 



W 



p^ + vn? 



-Hp) 



where 



[I -Kip/ A) 

Hp) - - 



r[$] + ^$(p)- 



p'^ + m? 



K{p/K) 

l-K{p/K) JFinti*] 



H-p) 



p2 jy^2 (5$(— p) 

Hence, we obtain the foUowing relation between rint[*i>] and ^int [</>]: 
1 



p^ + w? 
1 - K{p/K) 



rint[$] 



It is a simple algebra to rewrite this as 

ri„t[$] ^ 



p^ + 



S'int [0] 



,j^iHP)~m)iH-P)-H-P))j^^j^^ 

Now, we can reverse the direction, and obtain F by Legendre transforming 



W: 



F[$] = W[J] - f H^p)J{p) 



'For example, see |13) . 
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where 

$(p) - 



2 . 2 

By the substitution J{p) ~ i^k(p/a) '/'(p); this gives 



+ m? S(j){—p) 

Comparing this with the relation between and <i> obtained above, we obtain 

ST intm ^ SSinM 

(5$(-p) 54>(.-p) 

Now that we have an exphcit relation between Tint and 5*1111, we can de- 
rive the ERG differential equation of Tint from that of ^int- The derivation is 
straightforward, and we only state the result: 

a ^ „, 1 / A(,/A) PS'^M 



q2 _|_ ^2 S(j)(—q)S(j){q) 



By differentiating the relation obtained above between the first order functional 
derivatives of Tint and 5'int, we obtain 



S(^iq)5(b{~q) Jp 5^{q) 5^{p)5^{-q) 



where is the inverse of 



(5$(p) q^ +m? 

Hence, it is given by the geometric series 



5(j){q) p^ +m? 5<^{-p)5<^{q) 

l^Kip/A) S^T,,,,[^] l-K{r/K) 5^T,, 



p^+w? 8^{~p)6<^{r) r'^+im? 6<^(-r)5'^{q) 
Therefore, we obtain 

^25i„t (S^Fint , r 5^T,^t l-K{rlK) S^T^^t 



S(j){q)d(t){-q) 6^{q)5^{~q) 6^{q)5^{-r) + S^{r)5^{-q) 
Thus, we can express this ERG equation graphically as 

A ^ 

dA/^\ W + W — W + 

/....A /....A / \ /3\ /3\ 

This final result is actually easier to obtain diagrammatically. 

HW#4: From the above diagrammatic ERG equation for Tint, derive the ERG 

equation for ^int diagrammatically. 
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2.9 Composite operators 

The purpose of this subsection is to introduce composite operators which play 
crucial roles in understanding some important properties of ERG such as its 
relation to beta functions and anomalous dimensions. We take D — 4 for 
concreteness. 
We call 



If 

n=l ^ Jpi,---,P2„ 

x(27r)45(4)(pi + ...+p2„-p) 
a composite operator if it satisfies the ERG differential equation 

-a|^o(p) - V • 0{p) 

where T> is the differential operator 

A(g/A) / 6S,^t SI 



V 



q"^ + m'^ \S(j){-q) S(j){-q) 2 S(j){q)5(t){-q) ^ 
We call O an operator of dimension d, if it satisfies the asymptotic conditions 

02n>d+2{MPl, ■ ■ ■ ,P2n) 

Hence, an operator of dimension 2 has 02n>4 ^ 0, and that of dimension 4 has 

C2n>6 0. 

It is easy to understand where the above definition of composite operators 
comes from. Let us consider a modified action 

S'iA) EE 5(A) + / ei-p)Oip) 
Jp 

where e is an infinitesimal source. The definition guarantees that S' satisfies 
the Polchinski differential equation if S satisfies it. 

HW#5: Show that the ERG differential equation for the composite operator 
O can be rewritten as 

_A An = f ^(g/^) + ^ S SS S 1 \ 

dA J, q^ + m^\ K{q/A) 5^{q) ^ 5^{~q) S(f>{q) ^ 2 5c^{q)Scf>{~q) J 

Let us recall the following A dependence of the correlation functions: 

{Hpm-p))sw = ((0b)^(-P))5(A') - 

{(t){pi) ■ ■ ■ (t){p2n)) s[A) ^ n»"l K(pi/A'} ' ('^(Pl) ' ' ' HP2n)} s(A') (" > 1) 



^Here we assume O is even in <j>. We can also define O odd in </>. For example, 
considered below is odd in </>. 
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Substituting S' into S and taking the part proportional to e(— p), we obtain 



2n 



for any n > 1. Equivalently, this gives 

{<t>{Pl) ■ ■ ■ <l>{P2n)0{p))^ = n J^^^ ■ {<t>{Pl) ■ ■ ■ .^(P2„)0(P)>5(A) 

We can actually reverse the direction, and use either of the above two relations 
as the defining property of a composite operator. 

The simplest example of a composite operator is 0{p) = ^^ir^- To show 
this, we simply differentiate the ERG differential equation 

3 ^ f A{q/A) 1 r <55i„t SSi^t , 
dX ~ J^q^ + m^2\ 5cl>{q) 5cl>{-q) + 5cj>{q)5cj>{-q) 

with respect to (j){—p). The asymptotic behavior of S'lnt (in the mass independent 
scheme) translates into the following asymptotic behavior of 

Oi{p) — > a2(lnA//i,A) +m2&2(lnA/jLt,A) +p2c2(lnA//x,A) 
Oi{pi,P2,Pi) — > a4(lnA/jU,A) 

On>b{Pl,---,Pn) > 

Hence, s^^^'^p) is dimension 3. Since ^^(^'Tp) is a composite operator, the corre- 
lation functions 

^^(.r)-^(.2„-r))^ ^ ^_^^(,,)...0(p2„-r))^^^ ■ ^ 

arc independent of A. 
Another example is 

= (l){p) + 



p"^ + w? 5(j){—p) 



which corresponds to an elementary field 4>{p) . To show this, we can again take 
the A derivative of 

_ A{p/A) ^5int ^ ^ 1-K{p/A) SS,^t 



dA p^ + m? 54>{—p) p^ + m? 54>{—p) 

Since 



p^ + S(l){—p) 
we obtain 
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HW#5: Show that 



S(j){~p) H{-p) 

and hence it is a composite operator. 

This is an operator corresponding to the equation of motion. Since 

^ . . . 0b„)e^) = ^</>(Pi) • • ■ ^{Pn)e' 

n 

1=1 

is a total derivative, its functional integral vanishes. Hence, integrating over </>, 
we obtain 

Sn-p) I s(A) 

and for n > 1 

'''/'(-P) / S(A) 

if we take the connected part. Thus, in the continuum limit the equations of 
motion are given by 



-1 



(a1p/A)3^0(pi) • • • 0(P2„-i))^ - (n > 1) 

2.10 Composite operators given in terms of the action 

As for the action itself, the ERG differential equation of a composite operator 
does not determine the operator uniquely. We must supply appropriate asymp- 
totic conditions. For later conveniences, we consider dimension 2 and 4 scalar 
composite operators. We adopt the mass independent scheme for simplicity. 



Dimension 2 operator 

There is a unique dimension 2 operator O of zero momentum, specified by the 
following asymptotic condition^ 

r 02(A;p,-p) — > a2(lnA^;A) 

\ C'2n>4(A;pi, • ■ • ,P2n) > 

where 

a2(0;A) = 1 

We call this operator [^f^^] ■ 

^This a2 is not the same as the 02 that gives the asymptotic behavior of the vertex V2. 
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Dimension 4 operators 

Dimension 4 operators O of zero momentum are specified by the following 
asymptotic conditions: 



C2n>6(A;pi, • • • ,P2n) 



A2a2(lnA/^; A) + m262(lnA/^; A) +p2c2(ln A/^; A) 

a4(ln A/ n; A) 





There are two linearly independent operators: 

1. [j^cj)'^], satisfying 

a4(0;A) = l, 62(0;A) = C2(0;A) =0 

2. [i(c'^(/))2], satisfying 

C2(0;A) = 1, 52(0;A) = a4(0;A) =0 

We can regard [^0^] as the third dimension 4 operator satisfying 
62(0;A) = 1, C2(0;A) =a4(0;A) = 



Composite operators given in terms of S 

The purpose of the remaining part of this subsection is to show that the three 
dimension 4 scalar operators 













.2 




7 





are obtained in terms of the action S. 

As a preparation, we consider the following: 

/ ^ /p/(p)<^b)4§) 



Neither of them is a composite operator by itself, but their correlation functions 
can be easily computed. 

1. Oi[f] — Except for an inessential additive constanl[l|, Oi[f] is a total 
derivative 

S 



fip) 



Hence, multiplying this by (/'(pi) • • • <Pip2n) and integrating over </> by parts, 
we obtain 



2n 



\i=l 



^The additive constant does not contribute to the connected part. 
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2. 02[C] — This is also a total derivative: 



54>{p)5(i){-p) 
Again, integrating over </> by parts, we obtain 

(O2[q</'(p)0(-p))s = c{p^) 

(O2[C](/.(pi)---0(p2„))s = («> 1) 

It is interesting to note that the right-hand side of the Polchinski differential 
ERG equation is written as 

f A(g/A) \(f±rrf_ SS 1 f 6S 6S d^S 
= 0i[f] + 02[C] 

where 

[ C(,') = ^ 

Hence, wc reproduce 

/ -A|,(^(p)^(-p)), ^ MEi^^2^{<p{pm-p))s 



S 



With the above preparation, we can construct three special operators Om, Ox, 
and Af. 

1. Om that generates the change of correlation functions with respect to 
— by differentiating the correlation functions with respect to m^, we 
obtain 

-a„2 (^(pi) • • • (}){p2n))s = {{-dm^S) (pipl) ■ ■ ■ (t>{p2n))s > 1) 

Hence, for n > 1, we obtain 

2n ^ 

-dm? {(t>{Vl) ■ ■ ■ 4>{P2n))^ = {{-dm^S) • • • 0(p2n))s K{p /A) 

The case n = 1 needs extra care. Since 
we obtain 

K{p/A){l-K{p/lV}) , ^ a^M \A( \\\^— 
^^-^2 + ii-dm^S) mH-p))s^ 
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Thus, we obtain 

-a„2 ■ ■ ■ (l){j)2n))^ = {OmHPl) ■ ■ ■ <P{P2n))^ > 1) 

for the composite operator 



0^ = 02[C]-dr^.S 



where 



K(p/A) (1 - K(p/A)) 
(p2 + rn?Y 



2. 0\ that generates the change with respect to A — by differentiating the 
correlation functions with respect to A, we obtain 

-dx mpi) ■ ■ ■ <t>{p2n))s = {{-9xS) Cf,{p,) ■ ■ ■ Ct>{p2n))s > 1) 



Hence, 

is a composite operator. 



-OxS 



3. J\f that generates the change of normalization ofcp — we wish to construct 
a composite operator M that counts the number of fields: 

{Afct>ipi) ■ ■ ■ (t>{P2n))oo = {<l>ipi) ■ ■ ■ cP{p2n))^ > 1) 

The starting point is Oi[f], where / —1, which satisfies 

(Ol[-l]<^(pi) • • • ^{P2n))s = 2n • • • <k{p2n))s > 1) 

Again, the case n = 1 needs extra care. Since 



2Wp)0(-p))c 
we obtain 

where 



K{p/A) (1 - K{p/A)) 
p^ + m? 



+ (Hpm-p)), 



M = 02[C] + Oi[-l] 



C(p2) = -2 



Kip/ A) (1 - Kip/A)) 



pp' + m? 



To summarize, wc have constructed three dimension 4 composite operators 
Cm 5 0\,M with the following properties: 



(O„0(pi) • 


■■4>{P2n))oo 


= -<9„i2 • • •0(p2«))oo 


(Oa0(pi) • 


•0(P2«))oo 


= -dx{(j){pi)---(l){p2n))oo 


mipi)-- 


■(t>{P2n))^ 


= 2n(0(pi)---0(p2n))oo 
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where these operators are given in terms of the action as 



O 
Ox 



c. o _ f K(q/A){l-K(q/A)) 1 r 



} 



\r = - f A(n\ r K{q/h){l-K(q/K)) f SS SS , S \ 

-'^ - Jq^yi) 54,{q} Jq q^+^ t «50(9) <5</.(g)50(-g) / 



5S SS I 

4>{q) Hi-q) ^ S't>{q)S<t>{-q) 



These operators are obtained as hnear combinations of 



and 



[^(9^0)^] . To see this, we must examine the asymptotic behaviors as A ^ oo. 
We first introduce the following notatiord: 



V4(A;g,-q,0,0) 

V6(A;g,-<z,0,---,0) 



a4(ln A//i; q/A) + ^64(ln A//i; q/A) 
-^ae{liiA/fi;q/A) + --- 



Then, using the mass independent scheme, it is straightforward to derive the 
following result^: 




where 



jK{q){l~K 



b4{0;q) 
g2 



q^ 



= -4A-/^iiiil™12a6(0;<z) 
I = 2-rMi^C4(0;,) 



where C4 is defined by 
1 



A2 



C4,{lnX/fj.;q/A) = —Vi{A;p, -p,q,-q) 



ni^ — 



where the angular average over is taken. 

To conclude this subsection, we invert the relation of Cm, 0\,J\f to the mass 
independent composite operators to obtain 




^ These are expansions in powers of 

^It is "straightforward" but some work is required. 



28 



2.11 Beta functions and anomalous dimensions 



To be concrete, we adopt the mass independent scheme to define the action 
>S'(A; m^, A; /x). The action depends on three parameters: m^, A, and /x. Here, /z 
is an arbitrary momentum scale that we have used to specify a unique solution 
to the ERG differential equation. We can physically interpret rn^ and A as the 
mass and interaction parameters of the theory defined at the scale /z. 

Let us suppose we change the scale /x. In order to keep the physics (or 
equivalently correlation functions) intact, we must change and A accordingly. 
This change is the conventional RG transformation of the running parameters 

and A. 

We first observe that 



d 

-M^5'(A;m^ A;/i) 



is a composite operator; for /i ^ /i' both S{A; m^, A; fi) and 5(A; m^, A; fi') satisfy 
the same ERG differential equation. From its asymptotic behaviors, we find \E' 
a dimension 4 operator, and hence it is given as a linear combination of m^Om, 
Ox, and M. To determine the coefficients, we must examine the asymptotic 
behaviors of \1/ in details. 

We first recall the asymptotic behavior of SintCA): 



V2(A;p, -p) 
V4(A;pi,---,p4) 



A2a2(lnA//x, A) 
a4(ln A//i, A) 



TO262(lnA//x, A) +p2c2(lnA//x, A) 



Hence, the asymptotic behavior of ^'(A) is given by 



*2(A;p, -p) 
*4(A;pi,---,P4) 



where we have defined 



A2a2(lnA//i, A) +TO2b2(lnA//i, A) +p^C2(ln A//i, A) 
d4(ln A//i, A) 



-M^a2(lnA//i, A) 

d 



Ajr-a2(lnA//i,A) 



d2(ln A//X, A) 
62(lnA//i,A) 

C2(lnA//Lt,A) = -/i|jC2(lnA//i, A) = A^C2(ln A//i, A) 

d4(lnA//i,A) = -/iJJa4(lnA//x,A) = A Jr;a4(ln A//x, A) 



'OA' 

/i£62(lnA/At,A) = A^62(lnA/At,A) 



We denote the values of these at A = using the same notation as follows: 
02 (A) =02(0, A), 62(A) =62(0, A), ••• 

Then, comparing the asymptotic behaviors of with those of [^4''^] , [ji'P'^] ) 



and 



, we obtain 



= b2'mr 



C2 



a4 



4! 
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We can rewrite this using Om , 0\ , and M as 



C2 



= O2 C2 m 0,n + 04 C2 Oa H A/ 



Finally, by defining the following functions of A 

/3™(A) ^ ^ (62 - f^C2 
/3(A) 
7(A) 



/3(A) ^ d4 - |^C2 



C2 



we obtain 



This implies 



d 



= (Vl/0(pi)-->(p2„))^ 

= {-(3„,m^d^2 - (3dx + 2ri7) (0(pi) • • • </)(p2n))c 
Hence, we obtain the standard RG equatiorF°l 



d 

+ P,nm^d„i2 + I3dx - 2^7 ) {<f){pi) ■ ■ ■ <p{p2n))^ = 



This result was obtained in [15] 

One-loop calculations 

At one-loop, we have 



A . „ . 3A2 

02 = - , . xo , C2 = 0, 04 



(47r)2' (47r)2 
and to the lowest order 

Xm = 1, xu = 2, yA/- = -4A, ZA/- = 2 
Hence, we obtain the familiar results: 

A_ 3A2 

HW#6: Check this result. 



'Our /3,/3m,7 have the opposite sign convention than the one usually used. 
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2.12 Universality 

Universality is an important concept in rcnormalization theory. To construct 
a continuum limit, there are always more than one way. The independence of the 
continuum limit on the particular method of construction is called universality. 
For example, if wc use a lattice to construct a continuum theory, the limit should 
not depend on what kind of lattice, whether square or cubic, we use. 

In the following we examine universality in two restricted contexts. First, 
wc wish to show that the continuum limit (i.e., the correlation functions with 
the suffix oo) does not depend on the asymptotic conditions we use to select a 
particular solution of the ERG differential equation. Second, we wish to show 
that the continuum limit does not depend on the choice of a cutoff function K. 

Scheme dependence 

Given the ERG differential equation 

OA ^ ' J^q^ + m^2\S<f>{q)S(f>i-q)^ S(f>iq)S^i-q)j 

the solution which corresponds to a renormalized theory has the following 
asymptotic behaviors for large A: 

V2 (A; p, -p) — >■ A^a2 {m'^/fP , In A//i, A) 

+rn^b2{m'^ / fj,"^ ,\n A/ n, A) +p^C2(m^//U^, In A//i, A) 
V4(A;pi, • • • ,p4) — > a4{m'^/n'^,lnA/iJ,,X) 

V2„>6(A;Pl, • • • ,P2n) — > 

The A independent part of the coefficients 62, C2, 04 are not determined by the 
differential equation, and it must be fixed by convention. We have particu- 
larly favored the mass independent scheme in which all the coefficient functions 

2 

02, &2, C2, C14 are free of and 

&2 = C2 = 0, 04 = -A 

at A = fi. 

Now, what happens if we change the convention for 62,'^2.«4? That would 
modify the action S into S + 6S which satisfies the same ERG differential 
equation. Now, an infinitesimal change of S is given by a composite operator 

dm^Om + yAA + SXOx 

Hence, any infinitesimal change of the convention can be compensated by in- 
finitesimal changes in m^, A, and the normalization of the field </>. Thus, we have 
nothing to lose by adopting a particular convention such as the mass indepen- 
dent scheme. 
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Dependence on the choice of K 

In our discussions so far, wc have always kept a choice of the cutoff function 
K{p). Does physics depend on the choice of K7 

Let S'K+5ii-(A; m^, A;/i) be the solution of the ERG equation in the mass 
independent scheme using the cutoff function 

K + SK 

infinitesimally different from K. 
HW#7: Show that 

S'{A) = Sk+sk{A; m\ A; /x) + + 02[C\ 

where 

f m - '-mi 

satisfies the same ERG equation as S'k (A; m^, A; ji). Alternatively, show that 

\ (^(Pl) • • • <t>{P2n))s'[K) Xl^Zl K(p]/A) 

are A-independent. 

This implies that the difference between Sk+sk + Oi + O2 and Sk is a 
dimension 4 composite operator, and we should be able to write 

Sk+sk ( A; , A; m) + d [/] + O2 [C] = 5^ ( A; , A; m) + SXOx + Sm^O^ + 

in terms of some infinitesimal constants i5A, Sm^, and Sz. 
Lot us recall the definitions of Om, Ox, and Af: 

n = -r) o^- r K(q/A)(l-K(q/A)) 1 ( SS SS . S^ S \ 

— 'Jm?^ Jg (^gij^^iy 2 \s<l>{q) S<l>{-q) ^ S<l>{q)S<l>{-q) ] 

Ox = -dxS 

Kf — r SS f K{q/A){l-K{q/A)) ( SS SS I S^S \ 

^ =-Jqni)s^-Jq \30(^30F^ + SHg)SH-g)} 

Substituting this into the above, wc obtain 

Sk+sk {A; m^ + 6m\X + SX; /x) = Sk{A; m^ A; /x) - Oi[g] - 02[D] 

where 

I y{1) — K{q/A) ^ 2"^ 

1 D{q^) ^ + n,/A)^-Kiq/A) U^^^ 

\, / q^+m^ q-'+m-' \ q-'+n 



Recalling 



{Ol[g\4){Vl) ■ ■ ■ (t>{P2n)) s = -Ei=lf(Pi) (0bl)---0(p2n))s 

{02m{P)4>{-p))s = Dip') 
{02[D](t>(p^)---cj>{p2n))s = (n>2) 
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we obtain 



Sk+sk (f^■,m'^+5m? ,\+5\;h) 

SK{p/A) K{p/A){l- K{p/Aj) f^_^^ 6m^ 



2n 



The extra terms for the two-point function is just what we need to get the 
following results for the A independent correlation functions: 

{(piPl) ■ ■ ■ <f>{P2n))^t+f^2,^+SX:j. = i'^ + nSz){(l){pi)---(f>{p2n))^2,^.^ > 1) 

where we have written m^, A; jj instead of c» to denote the A independent cor- 
relation functions. Thus, an infinitesimal change of the cutoff function K can 

be compensated by infinitesimal changes of to^, A, and the normalization of cf). 
HW#8: Derive the final results, (straightforward but as complicated as HW#7) 
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3 Application to QED 



As we have discussed in subsect. 2.7, the correlation functions in the continuum 
hmit A oo can be computed using the action S{A) with a finite A. Hence, 
if the continuum Umit has any symmetry, it must be there also in S'(A). As a 
concrete example, we study QED, the theory of photons and electrons, which 
has the U(l) gauge symmetry. 



3.1 Perturbative construction 



To construct QED, we need a real vector field for the photon and spinor 
fields tp and -tf) for the electron/positron. The free part of the action is given by 



so that the free propagators are given by 



{A^{k)AA~k))^^^^^ 



K(k/A) 

P 

K{p/A) 



im 



K{p/A) 



^ is the gauge fixing parameter, and m is the electron mass. 

The ERG differential equation for Sint is obtained by generalizing that for 
the scalar theory as follows: 



f A(fc/A) / 
Jk k"^ \ 



1 



+ 



- Tr 



A(g/A) [ t 



2 {SA^{k) SA4-k) dA^ik)dA, 



^1 

A-k)} 



S\nt ■ Su 



s I s s 



where the minus sign for the second integral is due to the Fermi statistics, and 
the trace is for the spinor indices. 

To solve the ERG differential equation, we must supply asymptotic condi- 
tions for renormalizability. For example, we can take 



SA^(k)SA^(-k) 



Sad 
"'-'int J 



S 5Si 



6A^{ki)---SAs{ki) 



S^u {A2a2(ln A//i) + m2&2(ln A//i) + A;2c2(ln A//x)} 
+A;^fc^rf2(lnA//i) 
a/(ln A//i) + imbf{lnA/ij,) 

a3(lnA//i)7^ 

a4(ln A//i) {SaffSjS + Sa-ySps + SasSff-y) 
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where means evaluation at vanishing fields, and we choose the coefficient 

functions to be independent of m for mass independence 

The A independent parts of the coefficients, except for 02, are not fixed by 
the ERG differential equation, and we must fix them by convention. We can 
take 

C2(0) = 

since this is a normalization condition on A^. Likewise we can take 

a/(0) = 

as a normalization of ip. By normalizing m, we can take 

6/(0) = 

Now, in addition, we could also take a3(0) — e, where e is the coupling 
constant, but we do not. We would rather introduce e through the Ward iden- 
tities. We will show, in the remainder of this section, that 03(0) and the other 
coefficients 62(0), ^2(0), 04(0) are all determined by the Ward identities. 

3.2 Ward identities 

Our starting point is the Ward identities in the continuum limit. For the photon 
two-point function, the Ward identity is 



\K{M-k)Mk))^-% 

For the higher-point functions, the identities are given by 

^fc^ {A^{-~k)A^^{ki) ■ • • A^j,(fcAf)-0(pi) • ■ ■■0(PAf)'0(-'7i) • ■ ■ V'(-gw))^ 

N 

-^E{(---^(^'«-^)---)oo-(-->(-9^:-fc)--->oo} 

2=1 

where either M > 2 or > 1. Note that through these Ward identities, the 
coupling constant e is introduced into the theory. 

The idea is simple. We want to transcribe the Ward identities of the A- 
independent correlation functions for the A-dependent correlation functions that 
are given directly by the cutoff action S{A). Once we do this, it will not be hard 
to construct the corresponding invariance of the cutoff action. 



"'"'^We have assumed the 75 invariance of the theory. Namely, under ip — » 751/','/' — > — '/'75, 
the theory is invariant if we change m to —m at the same time. This 75 invariance excludes 
a term linear in A in the two-point fermionic vertex. 
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Photon two-point function 

Let us first examine tlie Ward identity for the photon two-point function. Since 



the Ward identity gives 



jk, {A,i-k)A,{k)), = K{k/A)^ 



Now, the equation of motion 

SS 



gives 



1 /_ 1\ . . \ / 6S; 



k'5^0. - 1 - 7 {A^{-k)A^{k))s+i —^A,{k) ) = -V 



Hence, multiplying by k^, we obtain 

1 fc2 I 



k^{A,{-k)A^{k)), + kAipf-A,{k)) =-fc. 



^K{k/A) ' ^\SA^{k) 

Thus, the Ward identity gives 



k/j 

This is equivalent to the Ward identity we started from. 



Higher-point functions 

We next consider the Ward identities for the higher-point functions. We first 
rewrite the left-hand side using the equation of motion, which gives 

S S \ 
j^-^A^,{ki) ■ • • • • • ^{-qi) • • -/^ = 

Multiplying this by fc^ and substituting S = Sf^ee + -S'int , we can rewrite this as 
1 fc2 



^Kik/A) 



fc/x {A^{-k)A^, (ki)--- • • • H-H) ■ ■ •) 



s 
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Since 



M-k) ^ 



SA^{k) 



is a composite operator corresponding to the charge current, we can rewrite the 
Ward identities as 



{j^i-k)A^, (fci) • • • • • • V^(-gi) ■ • •)^ 

eEti {(• • • HPi - fc) • • •)oo - (• • • i'i-Qi -k)-- ■)J 



It is easy to see that the Ward identity for the photon two-point function can 
be included as a special case M = 1, A/' = of the above identities. 

Operator equation 

We wish to express the Ward idcnititic's as an operator equation 



k^J^{-k) = $(-fc) 



where we define the composite operator fc) by the right-hand side of the 
Ward identities as 



N 

^ e ^ {(• • • - A:) • • - <• • • i^{-qi - k) ■ ■ ■) J 



i=l 



for any M > and > 0. $(— fc) is a composite operator that converts 



etp{pi - k) 
-e-tpi-Qi - k) 



As a preparation, we go back to the simpler scalar theory and construct an 
analogous operator that generates a shift of momentum: 



2n 



m-k)ct>ipi) ■ ■ ■ <j>{j>2n))^ = 5^ (• • • <^(pi - fc) • • 

i=l 

For n > 1, this gives 



Hence, an operator analogous to Oi [/] will do: 

K{{q-k)/K) 



$(-fc) = - / 
J a 



ct>{q - k) 



5S 
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But this is not quite correct, since for n = 1, we must obtain 



($(-fc)0(p + fc)0(-p)) 



s 



= K{plK) + K{{p + k)/K) ^'^^^ + ^^"^^-^ - ^^^^ 

+ (p + k) + 

To generate the extra terms, we need to add an operator analogous to O^IC] 
l^ f K{q/A) ^. SS 



K{iq-k)/Ar''' 'S<j,{q) 



g 



HW#9: Check the final result. 

Generalizing this result to QED, we define a type 1 operator 



Oi(-fc) = e 



^ 5 K{q/A) -ft:(g/A) ,,5 



64>{q) Kiiq-kyA)"^'^ ' K{{q + k)/Ay' " 
and a type 2 operator 



02{-k) = e jTvU{-q-k,q)\^ 



S-tp{-q) dipiq + k) Sil:{-q) Sipiq + k) 



where 



g + g + + im 

We then define 

$(-fc)EEC'l(-fc)+02(-fc) 

This gives the desired relation 

($(-fc)A^,(fci)---V'(Pi)---v;(-'zi)---)^ 

N 

= e ^ { (■ • ■ - fc) • ■ •)oo - (• ■ ■ - • • ■)oo} 

1=1 

HW#10: Check this. 

To summarize, we have found that the Ward identities of QED can be ex- 
pressed as a single operator equation as 

This form of the Ward identity was first derived in [16j . 
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3.3 Perturbative construction 

We wish to show that the Ward identity can be satisfied by choosing appropriate 
values of the remaining four parameters: 62, ^2, 03, and 04. 

The asymptotic behavior of fc^^ is easily obtained from that of the action 
^int(A): 



= (A2a2(ln A/^) + m^feaQn A/^) + k'^{c2 + d2)(ln A//i)) 



7r\kfj.J^{ k) 



5^(_(p+fc))"'M'^A' 



I, SA^{ki)SA0{k2)5A^{k3) 



= ^a3(lnA/^) 
{kaSpj + kpS^a + k^Sap) a4(ln A//^) 



On the other hand, the composite operator $(— A:) is a dimension 4 scalar op- 
erator of momentum — fc, vanishing at fc = 0. 

Hence, its asymptotic behavior must have the same form as abovcFl: 



SA,A-k) 



k, (A2a2(ln A^) + m^feaan A//i) + k''d2{\nA/fi)) 



S4,(-{p+k)) 

<S>{-k) 



$(-fc) 



SAa,(ki)SAff{k2)SA^{k3) 



= ^a3(lnA/^) 

= {kaSfjj + kpS^a + kjSafs) a4(ln A//i) 



The two composite operators fc^ and $ are the same if and only if they have 
the same asymptotic behaviors. Hence, the Ward identity is equivalent to the 
following equations: 

■ 62(0) = 62(0) 
^2(0) = ^2(0) 
03(0) = 53(0) 
04(0) = 04(0) 

where we have used the convention 02(0) = 0. 

Now, $ is constructed in terms of S{A). Hence, we obtain 



<5$(-fc) 



SA^{-k) 
t 



jTrU{^q-k.,q) 



SS 



S,p(-{p+k)) 



^~k) 



+1. 



q S^(-{p+k)) 
S^<i'{-k) 



Tr 



<5i>(-g) SA^(-k) Sip{q+k) 

= e(l - a/(lnA^))^ 
U{-q - k, q)j;ffz^Sj;j;j^^ 



Sip(p) 



5Aa{k-^)SA,3(k2)5A^(k3) 
^jTrU{^q-k,q) 



s-'s 



SiPi-q) SA„(ki)6Ai3{k2)SA^{k3) Sip{q+k) 



^^Here we are assuming what amounts to the CP invariance. We exclude the asymptotic 
behavior 



<52*(-fc) 



5Ac{ki)SAp{k2) 



In chiral U(l) gauge theory this must vanish automatically. This is the anomaly cancellation 
condition. 
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Wc note a/(0) = by convention. Everything on the right-hand side has an 
extra loop integral. Hence, if we know S up to /-loop level, we can determine 
the right-hand side up to {I + l)-loop. Thus, by imposing the Ward identities, 
we can determine the cocfhcicnts &2(0), ^2(0), a3(0), a4(0) at {I + l)-loop level 
by knowing S up to /-loop. Therefore, we can construct the action iteratively 
with the help of the Ward identities. 



One-loop calculations 

At tree level, we obtain 

62(0) = rf2(0) = 04(0) = 0, 03(0) = e 
We now compute 62(0),c/2(0) at one-loop. We find 

Jq 



5A,{-k) 

Changing the integration variable as 

q — > Ag 

we obtain 



(5$ 



5A,{-k) 



e'K' / Tr7,-<^i^ U+- 



k\l-K{q) l-K{q+!^) 



6 hi/ 



f^A{q){l-Kiq)) 

Jq H 



Ay 1^ + im/K ii + i/K + im/K 

e\ r A(g) 
((Z2)2 



Kiq) 



where we have expanded the integral in powers of m/A and k^/h.. Using 

v{q)K{qr _ 1 2 



/- 

Jq 



•q ii'r 

(see subsect. 2.6), we obtain 

2e2 



(47r)2 n + 1 



62(0) 



, ^2(0) 



2e^ 



(47r)2' ' 3(47r)2 

Incidentally, the dominant photon mass term is given by 

A2a. = -2A2/^M(i^ 

Jq r 

corresponding to a large positive squared mass. Both 02 and 62 arc non- 
vanishing, and the photon has mass terms in the action. But the mass terms 
are fixed by the gauge symmetry. 
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Next we consider 03(0) at one-loop: 



^ $(-A:)-^;^ ^-e(l-a/(lnA^))^ 



Sipi-ip + k)) 5i){p) 

= J l't,U{-q - k, g)7^ 

l-Kiiq-p)/A) f (q-p)^^q-p)^ 
{q-pY V'" ^ ^' {q~P? 

where we have rescaled the integration variables, and expanded the integral in 
powers of fc^/A, p^/A. Hence, 



03(0) - e = -e^ 

Finally, we compute 04(0): 

6^^{-k) 



SAa{ki)SAp{k2)SA^{k3) 



= e^ f Tr U{-q-k, 

Jq 



j l-Ki{q-k3)/A) l^Ki{q-k2-k3)/A) \ 
X < 77 7 — / , . 7/3 7 — 7/ ir~- + permutations) } 



a/3) / (^2)2 11 



Hence, we obtain 

04(0) = 



3 (47r)2 

3.4 BRST invariance 

As a preparation for YM theories, we wish to formulate the Ward identity as 
BRST invariance. For this purpose we introduce ghost and antighost fields c, c. 
These are free, and we modify the action by adding the free ghost kinetic term: 

5(A). 5(A) -/^.(-.)c(.)^ 

Our Ward identity is given by 

k^,M-k) - $(-fc) = 
We multiply this by c{k) and integrate over k to obtain 

/ ec(fc) {kM-k) - H-k)) = 

J k 
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where e is an arbitrary Grassmann constant. 
We first observe 



/ ec{k)knJi_i{-k) = / ec{k)k^ 

Jk Jk 



SS 



1 kfj,ki/ 



A,{k) 



ek^c{k) 
k \ 5A^{k) ^ 



SS ^ h A fi.\ ^ ^ 



Sc{-k) 



Hence, this is the infinitesimal change of the action S under the following change 
of variables: 

= k^€c{k) 

5^c(k) = 

5,c{-k) = ^\k^A^,{-k)e 
We next observe that $ can be written as 



$(-fc) 



V K{{q - fc)/A) 
/ K{q/K) 



K{{q + k)/K) 



i){-q-k) + S 



^-i + im Stp{-{q + k)) 

t 



S 



Sil){q + k) ^ + j^ + im 



J Stpi-q) 



+TiK{q/A) 



l-K{{q-k)/A) 



i-^ + im Si}{-{q + k)) 5ij;{q) 

t 



^l^m^±3mKiq/A)^S 



= e I K{q/A) 



SiPi-q) 5^{q + k) 



+e 



f K{q/ A)Tr 

J a 



^{q-k)- 



where 



Sijj{q) Sipi-q) 
= V'(P) + 



1-K{p/A) S c 




"J 1-K(p/K) 



are the composite operators corresponding to 'tjj{p),tjj{—p), respectively. 
HW#11: Check the derivation. 
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Hence, we obtain 



Ik 



I 



Tr 



where we define 



eK{p/A)J^ec{k)^{p-k) 
-eK{p/A)J^ec{k)^{-p-k) 



Thus, altogether, the Ward identity can be written as the BRST invariance 



Tr 



+ 



6ip{q) 6tlj{-q) 



Sei^{-q) 



where 6^S is the infinitesimal change of the action S under the BRST transfor- 
mation that is given by 

S^A^ik) = k^ec{k) 

Sec{k) = 

Sec{-k) = -lek,,A,(-k) 

5^i){p) = K{p/A) ■ e ec{k)^{p- k) 

y 6M-P) = K{p/K)-{-e)j^ec{k)^{-p-k) 

Note that the second term of the BRST invariance is the jacobian of the BRST 

transformation. Hence, we can interpret the BRST invariance as the "quantum" 
invariance of S under the BRST transformation. By adopting the notation 



Tr 



5,i,{q)- 



Mi-q) 



6tp{q) 6ip{-q) 
the "quantum" BRST invariance of the action is written as 

6,S + A,S = 

The above BRST transformation of the fields has two problems: 

1. it is not nilpotent (For example, S^S^ip ^ 0.) 

2. asymmetry — the transformation of ip,tp is given by the cutoff function 
times a composite operator, but that of either or c is not. 

The first problem is not so serious for QED, but nilpotency is more important 
for YM theories; it assures the possibility of satisfying the BRST invariance 
by adjusting available parameters. To obtain nilpotency, we need to introduce 



43 



external sources that generate BRST transformation. We will discuss it in the 
next subsection. 

The second problem can be solved. We modify the BRST transformation of 
Afj,,c as follows: 

S'Mk) = K{k/K)k,Mk) 
5[c{^k) = K{k/K)^ek^A^{~k) 

where 

l-i^(fc/A)/ k^k,.^ \ SSint 



is the composite operator corresponding to A^{—k). Since c, c are non-interacting, 
c is already a composite operatorF^ 

The action is invariant under the new transformation if it is also invariant 
under the difference of the two transformations: 

S'JA^ik) = {Si - 6,)A^i^k) = {K{k/A)-l)k,,ec{k) 
S'^ci^k) = {S', - S.n^k) = e^k^ {K{k/A)A^{-k) - A^{-k)) 

Since 

^ l-K{k/A) ^^ SSint 

k^y\fj,y~k) — kfj^A^y k) + 4 k^j 



we find 

-^k^ {K{k/A)Af,{-k)^A^{-k)) 

= m/m-Kik/K))l,k,^^ 

Hence, we find 

J 6'lA^{k) = {K{k/A)-l)kMk) 

\ 5':c{-k) = {K{k/A)-l)K{k/A)e^k,j^ 

It is easy to check the invariance of S under this: 

6S t 







^''Tho composite operator corresponding to c is c + ^^j^-^Sint = c. 
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Thus, the action S is quantum invariant under the following new BRST 
transformatior0: 





= K{k/A) 


kf,ec{k) 


5,c{-k) 


= K{k/A) 


^ek^A^,{-k) 




= K{p/A) 


e Jf^ecik)^{p-k) 




- K{p/A) 


(-e)/,ec(fc)^(-p-fc) 



3.5 BRST with external sources 

The most elegant way of formulating BRST invariance uses external sources 
that generate the BRST transformation. It is Becchi who first introduced the 
BRST invariance of the cutoff action in the presence of external sources. Let 
^*(— fc) be the fermionic source that generates the BRST transformation of 
A^{k). Likewise, let us introduce the bosonic sources c* , ip*, and ip* . The 
purpose of this subsection is to show that the BRST invariance of QED can be 
formulated in the following form: 



+ 



= / Kik/A) 

Jk 



Hi ( ~P) Ha (p) Si^l (p) Ha ( ~P) ) 

~t „ 6S 5S 



-S- 



K{q/A) Tr 

f 

+ / K{qlA) Tr 

J a 



5Al{-k) 5A^{k) 5c*{k)5c{-k) 

ss „ t s „ t 



+ 



-S- 



5i}{-p) ' 5ii*{q) 5i}{-q) 6'ip*{q) 



where S is the action with external sources. The meaning of this equation is 
clear. The BRST transformation of the fields is given by functional derivatives 
with respect to external sources: 



6eA^{k) 

S,c{-k) 
SM~q) 



eK{k/A)jj^S 

^K{k/A)j^S 

eK{q/A)^^S 



eK{q/A) 



Si,'(q) 



s 



*The jacobian of (SfAp, 5eC is 1. 
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At the vanishing sources, we must find 



* S = ej^c{k)^iq-k) 



Sip'i-q) ~ Jk' 

S^)S = -ej^c{k)^{-q-k) 

In this subsection wc; wisli to understand the general structure of the BRST 
transformation generated by sources; especially we would like to introduce a 
BRST transformation 6q that is nilpotent. In the next subsection, we will 
construct <S explicitly in terms of S without sources that we have already con- 
structed. 

In order to understand the main properties of the system, it is best to treat 
the simplest possible system with the same structure. So, instead of QED, we 
consider the theory of a scalar field (j) in the presence of an external fermionic 
source (f)*. Let S[(p,<p*] be a cutoff action satisfying the Polchinski ERG differ- 
ential equation 



A{q/A) (q^ + m? , 5S 



^ f A{q/A) q' + m' 
dA J^q^ + rn?\K{q/A) 



1 f 5S 5S 

'2\5<j>{q) 6cj>{-q) ^ 6cj>{q)Scf>{-q) 



I) 



Note that the external source is a purely classical source that does not partici- 
pate in the ERG equation. Differentiating the equation with respect to cf)* , we 

find that S is a composite operator. We also recall that K{p/A)j^^ 

is a composite operator. 

Now, as a preparation, we wish to show 

1. If O is a composite operator, so is 

2. If O is a composite operator, so is 

^ = sri-p)^ ^ sri-pf ' ^ " ^~^S(f>*{-p) ^^^^^ 

(Proof) Let us consider the A derivative of A: 
^ d f , , f 5S SO 



dA \ ' \ 5(f){-q) 6(j)i-q) 

VO ■ K{q/A) Jf . + • K{q/A)V- 



'5<t>{-q) ' S<i>{-q) 
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6cP{-r)Sct>i-q) 



JS \ f A(r/A) S (525i, 

5 



Since 



we obtain 

Hence, ^ is a composite operator. 
We next consider B: 

d ( ^ 1 

{VO) + V—— — -S ■ O + ——, — -S ■ vo 



6(j)*{—p) 5(f)* { —p) 5(j)*{ —p) 

6(j)*{-p) Jg g2 _|_ jyi2 64>{-q) S4>{q) 

\54>*{-p) J Jgq^ + w?5<t>*{-p)54>{-q) 6<l>{q) 

= VB 

Hence, iJ is a composite operator. Q.E.D. 
HW#12: Alternatively you can show 

In 

{A{q)<t>{p,) ■ ■ ■ cP{P2n))^ = - ^(27r)^j(^)(p, + q) (■ ■ ■ <P{pi)0 

i=l 

{B{p)cP{p,) . ■ ■ <f>{p2n))^ = ^^^^ {O Ct>{pr) ■ ■ ■ ^{P2n))^ 

This shows A and B are composite. 
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Nilpotent 5q 

Now, let us apply what we have found. Given a composite operator O, 

S . (55 ^ ^ SO 

is also a composite operator according to 1. Applying 2 to X, we obtain 



is also a composite operator. We find 



= K{p/K) 



5(f)* ip) 64>{-p) S(j)* (p) S(j){-p) 



5S S S ^ SO S SO 

+ ir-7 Z ■ ir—--0 + ——S ■ 



S4>{-p) S(l)*{p) S(l)*{p) S4>{-p) S(l)*{p)S(t>{-p) 
Since 

K{p/K)- 



is a composite operator, we find that 



"(p) S(j){—p) 5(j)*{—p) S(j){—p) 



is also a composite operator, according to 2. (Alternatively, apply 1 to the 

composite operator j^j^S. 
its integral over p vanishes: 



composite operator j^j^S.) Thus, it is consistent with ERG to assume that 



S(j)* {p) 5(j){—p) 5(j)* {jp) 5(l>{—p) I 

This is BRST invariance. If this equation is satisfied at a particular A, the ERG 
differential equation guarantees that it is satisfied at an arbitrary A. Becchi's 
BRST invariance has precisely this form. 

Assuming that the above BRST invariance is satisfied, we define 



SqO ^ I Y{p) 
Jp 

= / K{p/K) 



SS 5 S ^ SO S SO 

-0+ , 



S(j){-p) 5(t>*{p) S(j)*{p) 5(i){-p) 5(t>*{p) 5(t){-p) 
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Hence, given a composite operator O, SqO defines a composite operator. We 
define 6q by the above, even for O which is not a composite operator. It is 
straightforward to show that 6q is nilpotent: 



^Q^Q =0 assuming S = 



as long as the BRST invariance holds. 

HW#13: Show the nilpotency. (S = is necessary.) 

Suppose S ^ so that 6q is not necessarily nilpotent. We still get an 
algebraic constraint on S: 



SqT,[(I>, (j)*] = without assuming S = 



HW#14: Derive this. 

Now, Becchi's BRST invariance can be interpreted as the invariance (includ- 
ing the functional measure) of <S under the infinitesimal field transformation: 

<5</.(p) ^ SgcPip) = K{p/A) ■ J^J^f 

composite operator 
The nilpotency Sq = 0, guaranteed by the BRST invariance, implies 

HW#15: Calculate this explicitly and show that E = is necessary for the 
equality. 

Let us now consider generalizing the above results for a theory with many 
fields either bosonic or fermionic. Let (p* be the corresponding source with 
the opposite statistics. The BRST invariance of the action is given by 



e-5 



Since _^ 

Y{p) = e-^K{p/A) y , ^f, , U^O) 

we arrive at the definition of 5q given by 

^srd-p)SMp) 
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Especially, we obtain 



5Qcl^i{p)=K{p/K)- 



S 



so that the BRST invariance is written as the quantum invariance of the action 
under the BRST transformation: 



5 



Finally, in the case of QED, the BRST invariance has been already given at 
the beginning of this subsection. We have used 



5S 



0, 



-5 = 



6Al{-k) 5A^{k) ' 5c*{k)5c{-k) 
which we will verify in the next subsection. 5q is defined as follows: 



5qO = j K{q/A) 

J a 



ss 



6A^{-q) 6A*^{q) 
t „ S 



-S- 



o 



+ 



-o 



so 



6A;iq) SA^{-q) SA^iq) dA^{-q) 
55 T „ S t 



5ci-q) 6c* (q) 6c*{q)dc(-q) 



-O 



-H^TV 



+Tr 
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5'ip*{—q) Sip{q) 



+ 



6c* (k) 6c{^k) 
6S 60 



O 



+ 



-s-o 



+ 



5'ip{q) 6tp*{—q) 5'^*{—q) Sip{q) I 



O-S- 



+ 



-o- 



Sip{-q) 5i}*{q) Sip{-q) 5i}*{q) 5i}{-q) 5i}*{q) 



where (— )^ = ±1 depending on whether O is bosonic or fermionic. 5q is 
nilpotent if <S is BRST invariant. 

3.6 Explicit construction of S in terms of S 

The purpose of this subsection is to construct the BRST invariant action <S in 
the presence of external sources explicitly in terms of the BRST invariant action 
S without sources. Since we must find 



6A'^{-k) 
5 o 
5c* (fc)'^ 



s 



kf,c{k) 

— |-fc^.4.^(— fc) 

e /^c(fc)*(g-fc) 



= -eJ^c{kM-Q-k) 
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at the vanishing sources, we obtain 

5-5 ~ / A;{-k)k^c{k)+c*{k)^kM-^ 

Jk I ? 

+e / [tp*{-q)c{k)^{q - k) - c{k)^{-q - k)ij*{q)] 

Jq,k 

to first order in external sources. The question is how to add terms higher order 
in external sources so that <S satisfies both ERG and BRST invariance. 

As a preparation we consider a simpler problem. Suppose we have an action 
of a scalar field (f) that satisfies the ERG differential equation: 

,dS _ f A(g/A) \ Q^+m'^ .( I f 6S dS 5^S \ 

We wish to introduce an external source J{—q) that couples to the scalar field 
0(g). Since sj^_q) at J = is a composite operator with respect to S, we find 
that the action S[(l), J] in the presence of the source is given by 

to first order in J, where $ is the composite operator 

1-Kiq/A) dSint 



q^ + 5(f){—q) 

in the absence of J. It is not hard to guess the full source dependence of 5[0, J]: 

S[,t>, J] = ftree[<^] + / ^-q^q) + \l J{-q)^^^J^^J{q) 
Jq Jq q + m 

l-Kiq/A)- 



q^ + vn? 



To first order in J, this reproduces S[(l), J] given above. 

Let us verify that S[(f),J] satisfies the ERG differential equation. We obtain 

-AA(5[0,J]-5free[0]) 



Since 



2 Jg g^ + m^ Jq + d(p{q) 

f A(g/A) 1 ; dSj^t SSint S^Sj^t ] 

+ y, g2 + ^2 2 \ Scf,{q) S<P{-q) + S<P{q)Scf,{-q) j 



^ iS[^, J] Sf^^M) = A-q) + fit 
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we obtain 



_^a5int[^ ^ f A(g/A) 1 p5int[<^, J] ^^int[^,J] ^ 'J'^inti'/', J] 



9A + { 5<p{q) 5(i>{-q) S(f){q)d(p{-q) J 

where 

Sint[4', J] = S[(t), J] - Shcc[(l>] 

Thus, S[(l), J] satisfies the ERG difi'erential equation. 

The external source J{q) is a dimension 3 parameter of the theory, which 
happens to be momentum dependent. Hence, ,/ enters into the asymptotic 
behavior of the action only for the one-point vertex: 



<5S'int['/>, 



JiQ) 



Thus, the ERG differential equation determines the J-dependence of the action 
unambiguously. In terms of Feynman graphs, J{—<i)<P{q) gives a one-point 
vertex 



J(-q) 




This vertex can be connected to another vertex only through a high-momentum 
propagator {l—K{q/A))/{q^+m'^). Multiple one-point vertices can be connected 
to an original vertex. Hence, a typical vertex in the presence of sources looks 
like the left figure below. 




The only exception is two one-point vertices connected to each other by a high- 
momentum propagator, (the right figure above) 

Now, let us apply the above result to QED. We first tabulate the fields and 
their external sources: 



cxi. source" 


coupknl Held 


(limt^iisioiis of I1k> source 


k,A;{-k) 

ej^ri-q-k)c{k) 
ej,cik)r{q-k) 


c{k) 
A^i~k) 


3 

3 
5/2 
5/2 



where we treat the free field c as an external field. Then, the full action that 
satisfies the ERG differential equation in the presence of the external sources is 
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given by 

S = Sfi-c 



q.k 
1 

+ '5'int 



k^A;i~k)c{k) + -lk^c*{k)A^{-k) 



[ri-q - k)cik)^{q) + {lj{~q)c{k)r{q ~ k)] 



(1 - Kik/A))c*{~k)c*{k) 

ri-q - k)c{k) ^~^^^/^\ {l)r{q - I) 
q,k,i ii + im 



v(q) vAq) h ^ e 



^ + im 

^i-q) ^ 4>{-q) + e / - fc)c(fc) 



c{k)il)*{q - k), 

1 - K{q/A) 



We note 



Hence, 



SAli-k) 



K{k/A) 



5 = k^c{k), 



SS 



6c{^k) 



S 



-k^c{k) 



SA*i-k) SA^ik) 



K{k/A) 



5c*{k) 5c{-k) 



5 = 



The antifield dependence of the action for QED was first derived in |17J, but 
their result corresponds to a different choice of the cutoff dependence of the 
external sources. The above expression has been obtained independently in 
p8) , where its equivalence with the action of p[7j has also been shown. 
HW#16: Verify the BRST invariance S = explicitly using the above action, 
(straightforward but tedious) 
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4 Application to YM theories 

We now consider YM theories. We first set our notations straight. We denote 
the gauge fields as and the Faddeev-Popov ghosts by c" . <f . We keep the 
gauge group general In terms of the totally antisymmetric structure constant 
ya6c^ the covariant derivatives are given by 

= d^Al-d^Al-gf-^-A^Al 
{D^cY = d^c'^ - gr'-Alc'^ 

Hence, for the Fourier transforms, we obtain 

F^Ak) = ^kMk)-^kuA';,{k)-gr''-J^A»^{k-l)AUl) 
{D^cY{k) = ik^c-ik) - gf-^- - l)c'^{l) 



The classical action 

^classical — I d X 



/• 



has the BRST invariance for which the cutoff function is taken as 1. The classical 
BRST transformation is given by 

<5e^^ = e^^^^classical = £7 {DfiC)"" 
5eS^ — C ^ga« (^classical — J'^ ' 
V ~ ^ ^c^* *^classical ^"2%^^ ^ ^ 

4.1 YM theories without sources 

We first summarize the characteristic properties of the YM theories in the ab- 
sence of sources. The correlation functions in the continuum limit satisfy two 
important relations: 

1. Ward identities 

-^k, {A;{-k)A:i{k,)---AZ{kn)}^ 

= J2 (k\ (fci) ■ • • - {D.,cr (ki) ■■■All {kn)^{-k) 



where D^c is the composite operator for the covariant derivative, 
(naive proof) We apply the BRST transformation to 

{All{kr)-^-Ali{kn)<f{-k))^ 
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Since the action is invariant, we obtain 

" / 1 

Y^/All{k,)----{D.,cr{h)---c\-k) 



i=l 



2. The ghost equations of motion — The covariant derivative D^c must 
satisfy 



{ k^ (4 {D^cf {k)Al\{kr)-'..AlZ-_\{kn-i)c--{kn))^ =0 (n > 1) 
(naive proof) Since 

we obtain the above equations of motion. 



4.2 YM theories with sources 

The cutoff action is given in the familiar form: 
where the free action is given by 



*^free — 



1 k^^^v ( 1 7 ) kfj,kjy 
-Al{k)Al{-k) J^lkJ]^ + c"(-fc)c«(A:) 



K{k/A) 



Both the Ward identities and ghost equations of motion come from the 
invariance of the action <S: 



1. BRST invariance 



^ = [ K{k/A) 
Jk 



5S 



+ 



5S 



SA-*{-k) SA-{k) SA-*{-k)SA-{k) 



7S + 



5c9'*{k) ScP-i-k) Sc"-*{k) Sc"-{-k) 



SS 



■S 



SS 



5c''*{-k) 5d'{k) 6c°'*{-k) Sc^ik) 

This is the "quantum" invariance of the action under the BRST transfor- 
mation: 

S,A-{k) = K{k/A)ejj^S 

5fc-{-k) = K{k/A)eJ^ 
5,c-{k) = K{klK)ej^^ 
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At the vanishing sources, we obtain 



S = i [{D^cr] = k^C-ik) + [A^cf (k) 



6A-'i-k) 

55"* (fe) = --^kfj,A1j^{-k) 



where [A^c]^ is the composite operator corresponding to 

abc aI) „c 



2l 



and [cc] corresponds to 

and are the composite operators corresponding to the elementary 

1-K{k/A) T 



fields c°,A« 



r<5iiit 



Cik) = c^ik)^ p — - sc-{-k) 

Al{k) ^ A^ik) + (<5,. - (1 - 0^) sM" 

2. The ghost equation of motion 



(-fe) 



k,, 



-S = -K{k/A)- 



S 



''5Al*{-ky "''"'^^'Sc^i-k) 
This is an equality between two composite operators. 

The ghost equation implies that the dependence of S on and c" is only 
through the linear combination 

Using this we can simplify the BRST invariance as follows: 



^ = [ K{k/A) 



-s 



ss 



1 



5S 



S 



M^*(-fc) \SA<^^{k) K{k/A) ^Sc''*{k) 
SS 1 , dS 



5Al*{-k) \6Al{k) K{k/A) '^Sc''*{k) 



5S 



SS 



Sc"*{-k) Sc°-{k) Sc°-*{-k) S(f'{k) 



= 



As in QED, the source —jk^j^c"'* {k) couples to the elementary field A'^{—k). 
Hence, the dependence of the action on c°* is obtained as a shift of A'^, and the 
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action can be written as 
S = 



--J^ k^e*{k)Al{-k) - ^ (1 - K{k/K)) cf*{-k)<f*{k) 



c«(fc),c«*(-fc) 



1 



K{k/A) 



k^c ( fc), 



Therefore, we obtain 

5S 



^5c''*{k) 
SS 



"SAlik) 
Hence, we find 



c*=0 



c*=0 



.hkA^(-k)-^-^W^kk^^ 
' k^ ^ 5Al{k) 

1 



c*=0 



6S 



c*=0 



Thus, we obtain 
5S 



c*=0 



fc2 



c*=o ^K{k/A) 



kfikiiA'^i^ k) 



SS 



c*=o X(fc/A) ^(5c«*(fc) 



c*=0 



1 - i^(A;/A) k,,k. 



5S 



1 1 



'"'^^ Kik/A) fc2 ; e*=o ' eif(A;/A)2^'^''^^"^ 

- V'^'''^ + /^(fc/A) fc2 ; sAiik) + 2^ A Kik/Af'^^'')'^-^^ 
Therefore, taking c = and c* = 0, the BRST invariance gives 
t 5S' t 



c*=0 



E = / K-(fc/A) 



^5' 



■5' 



SA<^*{-k) 

t SS' 



' 'SA»{k) 







^c«*(-fc) (5c«(fc) (5c«*(-/;;) ^c«(A;) 
where we have defined 

1 - A'(A-/A) fc^fc. 



K{k/A) fc2 
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and 



<S' = <Sc* =0 



^''^^ -Al{k)Al{-k) 



2iJ^K{k/K) 



Al{k),Al*{-k),c'^{k),c-*{-k) 



Once we obtain 5', we can construct S for the non- vanishing c, c*, since we 
know how the action <S depends on c and c*. We wiU write <S' as S from now 
on. 

Our task is now to obtain S that satisfies the BRST invariance given above. 
From now on, we only have and c°',c°'* as fields and sources. Let us 

define 5q by 



6q = [ K{k/A) 
Jk 



SS 



5Al*{k) ""^ '5Al{k) 5Al*{ky 5Az{k) 



+ 



5S 



+ 



(5c«(fc) ^c°*(-fc) ^c»*(-fc) (5c«(fc) (5c«*(-A;) ^c«(fc) 

This is nilpotent under the assumption S = 0. 

HW#17: Show this is the case. (Hint: In general 5q defined by 

is nilpotent if it is fermionic.) 

By the definition of 5q and S, we obtain the algebraic constraint: 



5q^ 



K{k/A) 



6Ai{k) dA^*{k) 



^ S-P^,{k)^^^ 



6Al*{k) 



-S- 



(5S 



5Al{k) 5A''^*{k) 



SAiik) 
S 



6 



6c<'{k) Sc°'*{-k) 5&'*{-k) Sc°-{k) 6c°'*{-k) Sc'^{k) 
Now, our task is to construct the loop expansion 



1=0 
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Assuming that the BRST invariance holds up to {I — l)-loop: 

So = • • • = ^i-i = 
we wish to construct Si by fine tuning the parameters of the theory so that 

is satisfied. The question is if we have enough parameters to satisfy this condi- 
tion. To answer this, we need the help of the algebraic constraint (SqT,)i = 0. 
At Z-loop, the algebraic constraint gives 



SSo 



K{k/A) 



S 



-So 



SSo 



(5c"(fc) (5c«*(-fc) fc°*(-fc) Sc'^ik) 







We note that the second order differentials in the integrand do not contribute 
since = 0. (If ^ 0, it would have contributed to {6q'S,)i, since the 

integral over q gives an extra loop.) Clearly, the algebraic constraint restricts 
the possible form of . 

As a preparation, let us tabulate the basic properties of the fieldJ^: 



field 


statistics 


dimension 


ghost number 


Aa 


b 


1 







f 


1 


1 


Aa* 


f 


2 


-1 


C°* 


b 


2 


-2 



From now on, we examine the case of SU(2) for which the structure constant is 
the totally antisymmetric tensor: 



/ 



abc 



^abc 



Now, let US look at the asymptotic behavior of Si at a large cutoff. Using 
the coordinate space notation for convenience, the asymptotic behavior of Si is 
given by 



Si 



+(^4:^A1;^A1;^A1A1 + a^^A'^A'^A'l^A'l 



^aeA''^*d^c'' + ajge'''"'A^^*A'lc'' ' " ^ ^'^^c „a* „b „c 



c c c 



'We do not need to consider c", since the dependence on c" is determined by that on A* 
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where we have ignored the terms proportional to since they are completely 
determined by the ERG differential equation. The eight coefficients oi, • • • , ag 
are functions of In A//x whose values at A = /i are free to choose. The above Si 
is the most general bosonic expression with zero ghost number. Especially, for 
Z = 0, we choose the following asymptotic form 



So 



-\-nt=°-°'^rl A"- A" A'^ 4~ — ( A"^ A"- A° A° — A°- A'^ A" A° 



ahc /\h „c\ I 9 abc b c 

2i 



as the starting point of the pcrturbativc construction. 

We next consider the asymptotic behavior of E/. This is a dimension 5 
operator with ghost number 1. There are eleven terms: 



d^3 



ssge'^^'^c'^d^d^Al ■ A^ 



+S4g^c"a^A« • AlAl + s^g'c'^d^A: ■ A^A^ + s^g'c'^ A^d^A^Al 
-rs^a'eAld.AlAl + s^g^c'^A^d^AlAl 



At first sight we may not be able to make this vanish using only eight parameters. 
But the eleven parameters are not all independent, since (JqE); must vanish. 
Looking at the asymptotic behavior of ((5qE);, we obtain 



d^x 



-So 



SSo 
5A- 



S 6^1 



id, 



6So 



SSo ^ 



SA-' 



■Si + 



s . f s 



This constrains the s parameters. Becchi has shown the possibility of satisfying 
the BRST invariance in his Parma lectures. [3] I hope to provide more details in 
an updated version of the present notes. ;-) 
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Appendix: Introduction of auxiliciry fields 5" 

Instead of using the gauge fixing term 



2€ 

we can gauge fix the theory using auxiUary fields coupled to ifc^AJ^. i?° do 
not transform under the BRST, and we do not introduce their antifields. The 
full action can now be written in the following form: 

+ 1^ (A-^i-k) - ^lj^^k^c-{-k)j k^c\k) + je*{k)B-{-k) 



+5i 



c''{k),e*{-k) 



Substituting this into the BRST invariance S = (S is defined the same way 

as before since there is no antifield for B), and setting c = c* = B = 0, we find 
that S satisfies the same BRST invariance as S' that we have obtained without 
using B. Thus, there is nothing to gain or lose by introducing the auxiliary 
fields. 



61 



5 Non-perturbative aspects of the Wilson ERG 



So far our discussions of ERG have been restricted to perturbation theory. Actu- 
ally, Ken Wilson introduced ERCF^ to define the continuum limits in quantum 
field theory non-perturbatively. In this final part of the lectures we wish to 
discuss the non-perturbative aspects of the ERG[!!| We will first introduce a 
general framework for ERG differential equations to relate Wilson's ERG dif- 
ferential equation to Polchinski's. We then apply ERG to define the non-trivial 
continuum limit of the scalar theory in 13 = 3. 



5.1 Generalized diffusion equation 



We consider a real scalar theory in D dimensional euclidean space. Given an 
action S[4>], we construct a new action S't[<^] by the following integral transfor- 
mation: 

exp [Sm 
[d(j)'] exp 



[dcf)'] exp 



- MpY Uip) 



Bt{p) 



AM 



where we assume both At and Bt are functions of p^ . The physical meaning of 
this transformation is clear: is diffused around 

The distribution of is given in terms of the weight 



with the width 



[0 J ^ This is analogous to the solution of the diffusion equation 

dtP{t,x) = DdlP{t,x) 

for the distribution function x) in the coordinate space at time t. The 
solution is given by the integral formula 



P(t, x) 



TT 



dy exp 



1 



P{o,y) 



We now wish to derive the differential equation for St[4>] analogous to the 
above diffusion equation. For this, we change variables to rewrite 



[d(j)'] exp 



-2 / ^'ipW{-p) + S 



p 



Bt{p) 



Bt{p) 



^^He called it simply RG. 

^^We will review the materials explained in sects. 11 and 12 of the Wilson-Kogut lecture 
notes, [l] 
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Differentiating this with respect to t, we obtain 

dtSt[cf>] cxp[Stm 



Btip) 



,, Bt{p) 6 
Bt{p)^^_ 1 5 



Btip) 



Btip) 



^Atip) 'Btip) Hip) 



[d(f>'](p' ip) exp 



+ /5*ln4^-^(p)^exp[5,[^]] 



Btip) 



Hip) 



Since 



we obtain 

'[d</.']0'(p)exp 
Hence, we obtain 

' Btip) 



+ S 



1 5St[(f\ 



Atip) m-p) 



dtSti 



\5St[4>\ 5St[<P] 



exp [St[(j)]] 



S^St 



Atip)^ 'Btip) ' I Scl^ip) Hi-P) mp)Hi-p) 



Btip) 



Hip) 



Defining 



Ftip) 

r (n\ — o -St(p) a 1 _ of a i„ ^t(p) I dtAt{p) \ 1 



we can write 

dtSt 



Ftip) Hip) 



5St 



+Gtip) 



Hip) 

1 f (5gt 



<52 5i 



This has the famiUar form of the ERG differential equation. 

We now define the generating functionals of connected correlation functions: 



e>^[^l = /[d0]exp 



5[0]+z/^J(p)0(-p) 
St[<t>]+iS^Jip)<i>i-p) 
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We can compute Wt[J] in terms of W[J] as follows: 



[d(p]e 



t f J(p)<j>(-p) 



[d(j)'] exp 



:^ / {Mpmp) - BtipWip)) {Mp)4>{-p) - Bt{p)ct>'{-p)) + 



= / [#] / W] exp 



■Hp) 
'p Mp) 



{At{p)<P{-p)-Bt{p)<p'{-p)) 



/ {Aip)^{p) - Bt{p)^'{p)) (AtipM-p) - Bt{p)^'{-p)) 



[d0]exp j (j){p)<l){-p) + i 
y[#']exp S[^']+i J^J{p) 



p Mp) 
Mp) 



H-p) 



exp 



Btjp) 
At{p) 



Jip) 



This implies 



(0(p)0(-p))< 



(cPiPi) ■ ■ ■ <^(Pn))r"'''*'' = nti iffe} • {<PiPi) ■ ■ ■ </'(Pn)>r"- (n > 1) 

In all the examples we will discuss below, wc choose 



Ft{p) = dtln 



At{p) _ A(pc*) Tjjt) 
Bt{p) K{pe^) 2 



where A = /xe * is the cutoff scale, and we have chosen = 1 for convenience. 
Hence, 



At{p) K{p) 



Bt{p) K{j>e*) 



exp 



\[dt'rj{t') 



Note we have chosen 
For 

we must also choose 



Bo{p) 
So = S 

1 



= 1 
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With our choice for Ft{p), we obtain 

1 



Gt{p) = -2{-Ftip)+dt\nAt{p)} 



At[j>f 

Abe*) , ^ , n ,„ . 1 



+ ^ + atlnAt(p) 



-2atlnMt(?,) 



Hence, defining 



we obtain 



Hence, 



V *'"^ K{p) ) Ativf 



GM- 2eJ ^^^^^ 



Let us now look at two examples of Gt{p) and calculate the corresponding 

Mp)- 

Example 1 (Wilson) 

We choose 



This gives 



n 1 = g 2t-r% Kjpr / A(pe*) ry 
*At(p)2 i^(pe*)2 \K{pet) 2 

- ^'[' Kipe^r) 

Hence, we obtain 

1 ^2t-rn K{p)' 
using the initial condition 1/Aq — 0. Thus, wc obtain 



Atipy K{pY 



This implies 



Wp)0(-p))s.-e'* = e/o'^i^((0(p)^(-p))^,-l) 

(<^(P1)---<^(P2„))S, = e"/o''n-:i^-(0(Pi)---<^(P2n)), 
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This is the original choice of Wilson discussed in sect. 11 of T. In this 
choice, the two-point function behaves as 

Example 2 (Polchinski) 

We choose 

O.ip) = { A(.e^) - + ^4^) Kipo^) (1 - Kipe^)) 

where 

K.it) ^ 

This gives the Polchinski ERG differential equation if 77 = and rn^ is t- 
independent. 

Let us find the corresponding At {p) . We find 



p^ 



Hence, 



1 _ ^/ ^2 ( C'/'^' / I _ \ I / 1 _ 

At(p)2 ^ I p2 + m^{t) \K{pe^) ~ ^ J ^ p^ + m2(0) \K{p) ^ ^ 

Thus, we obtain 

I , 2 f 1 f ^ \ e/o'^ / 1 

At{p)^ ~ M p2 + m^{t) \K{pet) ^ ^ J ^ p^ + m^O) \K{p) ^ ^ 

Hence, we obtain 



and 
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With this choice of Gt{p), we obtain the characteristic asymptotic behavior 



t^oo 



+ m? [t) 



Before concluding this subsection, let us consider the relation between two 
different formalisms of ERG: one given by At, Bt and another given by Ct,Dt. 
Let 



= J [del)'] exp 

[d(p'] cxp 



--{A{p)cj>{p) - Btcj>'{p)){Mp)cP{-p) - Bt{p)cj>'{-p)) + S[cP'] 



--{Ct{p)cb{p) - Dt<l>'{p))(Ct{p)cf>{-p) - Dt{pW{~p)) + 



We wish to derive the relation between Si and S[. To derive the relation, we 
recall the following results on the generating functional: 



Hence, we obtain 



This implies 



exp 



Wt 



exp 
exp 

AtPt 
BtCt 



W 

w 



^J{p) 



At(p)' 
Dt{p) 

Ct{p) ■ 



!^J{p) 



-ihAk^^JipVi-p) 



j{p)j{-p) 



Ctipf 



Dt{p) 
Bt{pf 



2 \ 1 



J [#'] 



exp 
1 



- A:hwRt{pr 



{cPip) - RtipWijp)) {<i>{-p) - Rt{pW{-p)) 



where 



At{p)Dt{p) 



Bt{p)Ccip) 

Let us apply this result to the two examples given above. The first example 
is given by 



MpW 
Mp) 



and the second by 



Dt(p) 
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Thus, we obtain 



5.2 Modification of the Polchinski ERG equation 

The second example introduced in the previous subsection suggests a possibihty 
of generaUzing the Polchinski ERG differential equation: 

/• A(pe*) { p^ + m\ 6St 1 [ SSt SSt 5^St \\ 

* * JpP^ + m^\ K{pet) 5<t>{p) ^ 2 \ S<l>{p) 5ct>{-p) ^ 5<l>{p)5cl>{-p) ]) 

for which rn? is a constant, and r] vanishes. 

Suppose we have a sohition Si{m'^) of the above ERG differential equation. 
We then modify it infinitcsimally by 

AC? =^A/-_A 2 f Kjpe'Kl - Kjpe')) 1 f SSt SSt S^St 
o^t 2 '"^ (p2 + 2 1 S^ip) S<p{-p) ^ .5</.(?>)50(-?,) 

where 

Kf=- ff^( )^^* K{pe%l-K{pe')) l f SSt SSt S^St ] 

- JX ^^iP) + 2\S<^{p)S<P{-p)^ S<P{p)5ct>{-p)l 

is the composite operator changing the normalization of the field, and the op- 
erator proportional to Sm? is a typo 2 operator changing only the two-point 
function. 

The modified action St + SSt is no longer a solution of the ERG differential 
equation, but it is a solution of the ERG differential equation for the modified 
squared mass + Sm,'^. Moreover, the t-independent correlation functions are 
the same up to normalization of (p. 
HW#18: Show that 

1 1 - 1/K{pe') 

K{pe^Y ^"^^^^"^^ + p2 + ^2 + 

2n ^ 

2n ^ 

= (1 + nSz) n ■ {Hpi) ■ ■ ■ <i>iP2n))s, 

This proves what is stated in the above paragraph. 

We now choose an arbitrary functions m'^{t'). Let St{w?{t')) be solutions of 
the Polchinski ERG differential equation for a fixed squared mass m^{t'). As we 
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St(m'(t)) 



Figure 11: Physically equivalent Polchinski ERG flows with different values of 
the squared mass parameter. St{m^{t)) crosses each trajectory at a single point. 



compare St{m'^{t')) and St(m'^{t' + 5t')), we can arrange the solutions so that 

dm^t') r K{pe%l-K{pe')) l f SSt SSt 5^St \ 

dt' Jp (p2+m2(t'))2 2\5c^{p)S<l){-p) S(f>{p)6c^{-p) } 

where M{t') is the M operator constructed with St{m?{t')), and rjit') is an 
arbitrary function. 

Finally, if we look at the t-dependence of St{'m?{t))^ where t and t' are set 
equal, we obtain the differential equation of the second example in the previous 
subsection. 



5.3 Renormalization conditions 

In this subsection we introduce criteria to choose the t-dependence of the squared 
mass rn^it) and the anomalous dimension ri(t). The criteria, which amount to 
renormalization conditions, are by no means unique. Let us begin with what is 
the easiest to understand physically. 



1st version 

We adopt the following two conditions 

J V2(t;0,0) = 
] ^V2{t;p,-p) 



= 



p2=0 
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The second condition is a condition on the normahzation of (j). Applying the 
above conditions on the ERG differential equation 



dt.S, 



f A(pc*) 77 



+ 



VX(pc*) 2 
A(pe*) 

p2 _|_ ,7^2 (t) 



- i m 



SSt 

54>(p) 



p'^ + 'm?{t)J p'^ + w?{t) 



X- 



1 r 5 St SSt . s'^St 



2\6cj>{p) 6cj>{-p) ^ Scj>{p)ScP{-p) 



we obtain 

-bm{t)-v{t)m''{t) 



A(ge*) 

bm{t) 



>V4{t; q,-q,0,0) 



1 d 



2ap2 Jgq^+m?{t) 

■x.Vi{t; q,-q,p, -p) 



q^ + m?(t)^ 
^{qe')-K{qe'){l-K{qe'))\rj{t) 



b,n{t) 

q^ + m? 



p2=0 



Thus, we can determine bm{t) and ri{t) in terms of the four-point vertex. 
2nd version 

We introduce a version that is more analogous to the Wilsonian ERG differential 
equation which has no squared mass parameter. We set to zero the squared mass 
appearing in the differential equation: 

m^{t) = 

Then, the ERG differential equation becomes 

5St 



dtSi 



-L 



\K{j>et) 2 



1 



6'St 



We adopt the normalization condition: 



d_ 
dp 



■^V2{t;p, -p) 



p2=0 
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This determines r]{t) as 



d r A(ge^) 
dp^ Jq (p- 



Vi{t;q,-q,p, -p) 



1 



p2=0 



Wilson ERG 

The Wilson ERG differential equation is given by 

SSit) 



dtSt = 



fMpe^ r,it) 



+ 



f Ajpe') r,{t)\ \ 

Vif(pe*) ^ 2 ; \, 



8m 

dSt 



+ 



6(t){p) S(j){-p) 5(t){p)5(t){-p) 
We denote the functional derivatives of the action as 

U2n{t;Pl, ■ ■ ■ ,P2n)(27r)^<5(-°)(pi + • • • + P2n) ' 



5(j){pi) ■ ■ ■ (j){p2n) 



^U2{t;p, -p) 



= -1 



Then, we adopt the normalization condition 

_d_ 

dp- 

Applying this to the ERG equation, we obtain 

^ 2u2(t;0,0)-i^/^ (^^+l\u^{t;q,-q,p,-p) 

-r]{t) = ^ 

2 1 + 2u2{t; 0, 0) - J^U4{t; q, -q,p, -p) 

This depends on both the two- and four-point vertices. 



p2=0 



5.4 Rescaling of space 

Now, in non-pcrturbative applications of the ERG, it is the fixed points of the 
ERG transformation which play the most important rok;s. A fixed point is an 
action that does not transform. To define a continuum limit, we need a 
fixed point. We also need to know the critical exponents characterizing the fixed 
point. 

The ERG transformations we have formulated so far have no fixed point for 
an obvious reason. The cutoff of the action decreases along the ERG trajectory. 
For ERG to have fixed points, we must introduce rescaling of space (or momen- 
tum) so that the cutoff is fixed under ERG. The purpose of this subsection is 
to understand how rescaling modifies the ERG differential equations. 
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The necessary rcscaling does not depend on interactions, and it is enough to 
study the massless free theory: 

which has a cutoff e~*. In order to fix the cutoff at 1, we must measure the 
momentum p in units of the cutoff. Hence, we must change p to 

p'^^=pe* 
e ^ 

Substituting this into St, we obtain 



We now define 
so that 



K{p') 

'ip') = e-^Vb'e-*) 



becomes independent of t. 

We now consider a generic theory: 



= X^79~M / HPl)---'P{P2n)u2n{t;Pi,---,P2n) 

•(27r)^<5(^)(pi + ---+P2n) 
Using (f)' instead of (f), we obtain 

= Et^/ e"(^+2V(;,ie*)---</.'(f>2ne*)w2„(t;;^i,---,P2n) 

•(27r)^5(^)(pi + .--+P2n) 

Hence, regarding St as a functional of we obtain 



This is the modification due to rescahng. 
We now note 



5 D-2 t 5 

= e 



5(i)'(p') 5(i)(p'e-*) 
HW#19: Derive this result. (Hint: Apply the above to = e""T^V(9'e"*)-) 
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Hence, the rescaling of space and field modifies the ERG differential equation 

to 



dfS, 



/ MM + (2±1 + F'(p')] 6'(p')\ ^ 
^2 \ 6(j)'{p') 6<j)'{-p') 5(t>'{p')5(t>'{-p') 



where 



and 



G'^ip') ^ e-2*G,(p'e-*) 

Example 1 (Wilson) 

Example 2 (Polchinski) 

where 

|(eV(f))=(2 + 6„(t))eV(t) 
From now, we call e^^m?{t) as 'm?{t). We will also omit the primes from (j)' and 

HW#20: Given 

°° 1 /■ 

St[4>] = ^-prr; (l>{pi) ■ ■ ■ (p{p2n)V2n{t;Pl,- ■ ■ ,P2n) 



- (2n)! 

X(27r)^,5(^)bi + ---+;.2n) 

before rescaling, derive 

ex. „ 

'^*'[<^'] = JLtTtJ <i>'ipi)---<P'(p2n)V^„{t;Pl,---,P2n) 

x(27r)^^(^)(pi + ---+P2„) 

where 

V^„(t;pi, ■ • • ,p2n) = e^^"*V2„(i;pie-*, • • • ,p2„e-*) 
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and 

y2n=D- n{D - 2) 

HW#21: Show that in the Polchinski formahsm V2 and V4 satisfy the foUowing 
ERG differential equations: 

dtV2{t;p, -p) = + m^) + b^+ [2-7] + 2u{p) - 2/ A ] V2(i;p, -p) 



dp"^ 

,(A-Ku)(p),, 1 f (A- Ku)(q),, , 
+V2 ^ 2^ 2 ^^+o / 2^ '^^^' V4{t;q,-q,p,-p) 
p-' +171'' 2 5^ + 

dtV4{t;pu---,P4)= (^{A-D)-2rj + J2(u{pi)-pi^-^yj V4 

\^ (A - , , 1 f (A- Ku)(q)^, ^ 

^ + 2 J q^ + 



where 



5.5 The Wilson-Fisher fixed point for D — ?> 

For D = 4, the only fixed point of the ERG is the massless free theory. We will 
construct the fixed point explicitly for any D in the appendix at the end of this 
section. For £) = 3, there is a non- trivial fixed point, discovered by Wilson and 
Fisher. 

As the initial action at t = 0, let us consider 

So = -- / (t>{p)<t>{-p f ~ IT / (t>{Pl)4>{P2)<t>{P3)(t>{-Pl -P2-P3) 

For a fixed Ao > 0, we consider starting the ERG trajectories with various values 

of ttiq. For a generic choice of ttiq, the theory is massive, and the ERG trajectory 
leads to an infinitely massive theory with no correlations since the physical mass 
increases exponentially along the ERG trajectory. However, for a specific value 
of mQ = m^^(Ao), the theory is massless, and the ERG trajectory goes into the 
Wilson-Fisher fixed point as i ^ cx). For ttIq > m^^(Ao), the theory has Z2 
invariance, but it is broken spontaneously for mg < m^^(Ao). 

In the modified Polchinski ERG, we have a running squared mass m^(t) 
whose initial value is given by m^(0) = TOq- Wc expect that 



2* 

m 



for mg = mg^(Ao). Here m^* is the squared mass parameter of the fixed point 
action. 
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WF fixed point 



Figure 12: At criticality mg = m^,.(Ao), the ERG trajectory leads to the Wilson- 
Fisher fixed point. 



5.6 Perturbative determination of critical exponents 

We finally discuss a perturbative construction of the Wilson-Fisher fixed point. 
Especially we wish to compute the anomalous dimensions (critical exponents) 
of the squared mass and cj) using perturbation theory. 

For perturbation theory, the modified Polchinski ERG differential equation 
is the most convenient 



dp^ \ 2 2 K{p)) ^^^^j 5(j}{p) 



SSf SSf 6^S, 



2 \5cj>{p) 5cj>{~p) 5^(p)5cj>{-p) 
where m?{t) satisfies 

j^m^it) = 2m^{t) + hra{t) 
The two normalization conditions 



V2(m^;p, -p) 
^V2im^]P, -p) 



= 




determine hm{t) and rj{t) as follows: 
-h„Xt)-v{tW{t) 



2j„q^ + m^it){ q^+m^{t) 



^**Our scheme is not mass independent. There is a mass independent variation, and perhaps 
that is the simplest for perturbation theory. 



75 



, , Id 



xVi{Uq,-q,0,0) 
1 



bm{t) 



xV4{t;q,-q,p, -p) 



p2=0 



Under the above ERG flow, the correlation functions obtain the foflowing 
simple t-dependence: 



1 



= exp 



(0(pe*)</.(-pe*)> 



K{pe*) 



Sit) 



-2t + 



n>2 

n 



1 



11 Kip^e^) 



J dt'r]{t' 
(0(pie*)---.^(p„e*))g(^^ 



m2(t) 

{'f>{p)4>{-p)l 
t-independent 



p2g2t _|_ ^2^^^ 



= exp 



t[D-n 



D + 2 



+ 



f fdt'vit') 



■ {(piPl) ■ ■ ■ (piPn)) 
^ V ' 

t-independent 



This is valid for any D, and wo take D — 3 here. 

We wish to find the infrared (IR) fixed point using perturbation theory. It 
is convenient (and perhaps essential) to impose the UV renormalizability of the 
theory so that the theory can be characterized by only two parameters. If we 
solve the ERG differc^ntial equation using an initial condition such as given in 
the previous section, we necid to keep track of every aspect of the action. It 
would be inconvenient for perturbative calculations. 

The scalar theory in D = 3 is a truly renormalizable theory, and UV renor- 
malizability amounts to the asymptotic condition 



s,'^s*G^-ll^m4>i-P) 



p 



Kip) 



where Sq is the gaussian fixed point theory, corresponding to the free massless 
theory. 

The UV renormalizability familiar to us is formulated in terms of the ac- 
tion before rescaling of space: the six- and higher-point vertices should vanish 
asymptotically as t — > — oo. Hence, using the result of HW#20, we obtain 



e("-3)*V2„(t;pie*,---,p2ne*)*^~0 



for 2n > 6. 

We can now parameterize the theory with m^{t) and the running coupling 
constant 

X{t) = -V4(t;0,0,0,0) 
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These two parameters specify the UV asymptotic behavior of the action unam- 
biguousfy, and hence the entire action is specified. Thus, we can write 



The ERG differential equation gives 

dX{t) 



dt 



m + m 



where P{t) is defined by 

-Pit) - 2A(t) • f](t) 



1 



1 



A{q) K{q)[l - K{q)) ( ^[t) + 



xV6(t;q,-g,0,0,0,0) 

Since the action is completefy characterized by the two parameters rn^it), X(t), 
the ERG differential equation reduces to the two ordinary differential equa- 
tionQ 

^ = 2m2 + 6„(m2,A) 
f = A + /3(m2,A) 

The fixed point (m^*, A*) is determined by the two conditions: 

2m'^* + bm{m'^* , X*) = 
A* +/3(to2*,A*) = 

To get the anomalous dimension of the squared mass, we linearize the RG 



m 



Figure f 3: ERG flows in the two-dimensional parameter space 



equations: 



dt 



^(A-A*) 



dt 



^/3(m^A) 



-,2*\ 



- m2*) + 
dX 



db,„{m^,X) 



dX 

"(A -A*) 



(A -A*) 



^^In a mass independent scheme, we will have bm(m^, A) = m^/3m(A), and f3 depends only 
on A. 
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This has two cigcnvahics, one positive, and the other negative. The positive 
eigenvalue, 2 + /3^, gives the scale dimension of the relevant parameter (conju- 
gate to something like (j)^), and the negative eigenvalue gives that of the least 
irrelevant parameter (conjugate to (j)^). We call the anomalous dimension 
of the squared mass parameter. 

Let us now calculate hm, f], which are all functions of m?, A. At 1-loop, we 
obtain 

' 6„(m^A) = 1/,^ 
/3(rr^^A) = -SA^, 
?7(m^A) = 

Hence, the RG equations of the parameters become 

A(g) 




y^_ny2 ( A(g)(l-K(g)) 



This implies 



m^* = 0(A) 

Hence, near the fixed point we can approximate the RG equations further as 




Thus, we obtain 



= A - SA^ / ^(g)(i;-^(g)) 



A* — g j' A(,Ki-gTiTr 
,2* _ A* r A(g) 



A(9) 



^ — 4 Jq 

and the anomalous dimension of the squared mass is given by 

_A^ /-A^g) 
2 q4 

The fixed point values A*,m^* have no physical meaning, and they depend 
on the choice of the cutoff function K. However, the anomalous dimension (3^ 
is independent of the choice, and we can prove the independence by using an 
argument analogous to the one given in subsect. 2.12 for universality. Never- 
theless, at any finite order, the perturbative result depends on K. To calculate 
/3^, we make the simplest choice 

K{q) ^ 9(1 - q^) 

Then, we obtain 

A(g) = -2q'A_K{q) = 25{q^ - 1) 



Thus, 
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Since 



we obtain 



Thus, we obtain 



dq'^ n+1 



L 



A{q)K{qy 



1 



1 



3* 

r-'m 



q^ n+1 27r2 

A{q){l-K{q)) 1 



I 



This is the same as what we get from the e expansions at the first order. 
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Appendix: The gaussian fixed point 

In this appendix wc would like to construct the gaussian fixed point explic- 
itly using three formalisms: Polchinski with m^, Polchinski with = 0, and 
Wilson. In all the formalisms, we look for a solution of the respective ERG dif- 
ferential equation corresponding to the free massive theory. The gaussian fixed 
point is the massless limit. 

Polchinski with 

We look for a solution quadratic in fields: 



2 7p 'V K{p) 
In the absence of quartic interaction terms, both 6^ and rj vanish, and we obtain 

m^{t) = m^e^* 

where is a constant. The vertex V2 satisfies the two conditions: 

V2{t,m^;p, -p) 
■^V2{t,'m?;p,-p) 

and the ERG differential equation 



= 

p2=0 

= 

p2=0 



^-V2{t,m';p, -p) =[2- 2p'—^ j V2{t,m';p, -p)+^^^V2it,m';p, -pY 
The general solution is given by 

e2t 

V2{t,m^;p,-p) = 1 , i-K(p) 

p*e-*'/(pe-*) p^e-^t+m^ 

where f{p) is an arbitrary function regular at p^ = 0. 



For any m > 0, we obtain 



lim V2{t:p, —p) = 

t — *OC' 



so that the action is asymptotically given by the free action 



K{p) 

The critical point is given by = 0, which gives the fixed point action: 



hin S{t, Q) = S*G = -\j^ Hpm-P) ^ 



,2 



t-c- ^ ' ^ ^ 2]^'^''''^' "-'Kip) 
The continuum limit is obtained as 



5f,ee(m2) = lim S{t,m' = m^e'^*) = — [ ct>{p)4>{-p)^^' 
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Polchinski with — 

We assume that the action is quadratic in fields: 



St 



P 



K{p) 



+ V2{t;p, -p) 



where the vertex V2 satisfies the condition 

_d 
dp 

and the ERG differential equation 



2'^2{t;p, -p) 



p2=0 



= 



d 



d 



dt 

The general solution is given by 

V2{t;p, -p) = - 



Sp2 



^V2(t;p, -p) = [2- 2p'^ V2{t;p, -p) + -^V2{t;p, -p) 



1 , ^-K{p) 

e2t(m2+p4e-«/(pe-*)) ' 



where > is an arbitrary constant, and f{p) is an arbitrary function of 
regular at = 0. 

rn^ = is the critical point: 



lim V2{t;p,-p) 







m2=0 



so that the fixed point action is given by the same action as for the Polchinski 
with m?: 



Kip) 

The massive free theory is obtained as the continuum limit: 



lim V2(i;p, -p) 



2-2 

p m 



^2=^2e-2t p2 ^ ^2(^1 _ K{p)) 

The action of the theory is given by 

„2 



p^ + 



P 



K{p) p^ + w?{l-K{p)) 
The cutoff-independent correlation function is obtained as 



1 1 

p2 K{py 



WpM-p)) 



K{p) 



S(m2) 



1 



81 



Wilson 

Let us assume a quadratic action: 



2 



i j (l){p)(j){-p)u{t;p, -p) 



In the Wilsonian case the anomalous dimension depends on both the quadratic 
and quartic terms. Hence, it may not vanish even for the quadratic theory. 
Hence, the ERG differential equation of Wilson gives 

dtU2{t;p,-p) = (^2-2p^-^+2^-n{t)ju2{t;p,-p) 

Given the initial condition 

W2(0;p, -p) = -uj{p) = - {uj{0) + • • •) 
the solution is given by 

e^*a;(pe~*) 



U2{t;p, -p) = - - 



s2ta;(pe-*) + e/o JML^ (1 - a;(pe-*)) 



X(pe-')2 

where 



2(l-a;(0)f 



{l - 2e2*a;(0) (1 - w(0)) + v'l - 4e2*a)(0) (l-a)(0))} 



The solution is valid for any f > if a;(0) = 0. For w(0) > 0, however, the above 
solution is valid only for t > that satisfies 

4e^*a;(0) (1 - a;(0)) < 1 

At the critical point a;(0) = 0, we obtain 

hm U2{t;p,-p) = — o , ^/ xo 

t^oo + K{py 

corresponding to the fixed point action: 

„2 



Physically this is the same Gaussian fixed point as in the Polchinski with or 

without TO^, but the concrete form depends on the formalism. To obtain the 
massive continuum limit we choose the i-dependent initial condition 



u){0) = m e 



2„-2t 
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so that 



p2 _j_ ^2 

lim U2{t;p,-p) - 



where 

Obviously, we must restrict to 

Afh^ < 1 



With the continuum hmit action 



„2 I ™2 



2 Jp + w? + K{p)^z{m'^) 

the cutoff independent correlation function is obtained as 



S(m2) 



We get a mass dependent field normalization in this case. 

The above continuum limit action Sw can be obtained from the continuum 
action Sp of the Polchinski formalism with = as follows: 



e^'^I'^1 = y"[#']exp 



where 



B{p) ' 
A{p) 



Bip) I - 2\ 



83 



Acknowledgment 

I would like to thank Drs. L. Akant and K. Ulker for giving me an opportunity 
to present the lectures in a stimulating environment. I also thank Bekir Can 
Liitfiioglu for much help, and Dr. H. Gies for a list of review articles. 

References 

[1] Wilson K G, Kogut J 1974 Phys. Kept. 12 75 

[2] Polchinski J 1984 Nucl. Phys. B231 269 

[3] Becchi C 1991 arXiv:hep-th/9607188 

[4] Morris T R 1998 Prog. Theor. Phys. Suppl. 131 395 

[5] Litim D F, Pawlowski J M 1999 The Exact Renormalization Group, Eds. 
Krasnitz et al (World Scientific) 168 

[6] Aoki K, 2000 Int. J. Mod. Phys. B 14 1249 

[7] Bagnuls C, Bervillier C 2001 Phys. Kept. 348 91 

[8] Berges J, Tetradis N, Wetterich C 2002 Phys. Kept. 363 223 

[9] Polonyi J 2004 Central Eur. J. Phys. 1 1 
[10] Pawlowski J M 2005 arXiv:hep-th/0512261 
[11] Gies H 2006 arXiv:liep-ph/0611146 
[12] Dclamottc B 2007 arXiv: cond-mat/0702365 
[13] Morris T R 1994 J. Phys. A9 2411 
[14] Sonoda H 2003 Phys. Rev. D67 065011 
[15] Sonoda H 2007 J. Phys. A40 5733-5750 
[16] Sonoda H 2007 J. Phys. A40 9675-9690 

[17] Igarashi Y, Itoh K, Sonoda H 2007 Prog. Theor. Phys. 118 121-134 
[18] Higashi T, Itou E, Kugo T 2007 arXiv: 0709. 1522 



84 



